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Chapter 1

Matrices and Gaussian
Elimination

1.1 introduction

1.1.1 Linear Equations

This section begins with the central problem of linear algebra solving linear
equations.The most important ease,and the simplest,is when the number of
unknowns equals the number of equations.We have n equations in n unknowns

Example 1.1. Solving equations
We illustrate two methods to solve:

r+2y="7

3r+y=2©6

1.Elimination
2. Determinants (Cramers Rule)

Both has its own benefit:

Elimination- better efficiency for large system
Determinants- explicit formula

Definition 1.1. linear system
A linear equation in n unknowns is an equation of the form

a1r1 + asxo + ... +apr, = b

where al,...a,, and b are real numbers. xi...x,are called the variables or
unknowns.
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A system of m equations in n unknowns (or mn system) is of the form

a1171 + @222 + ... + a1pTy = by,

a21T1 + G22%2 + ... + A2pTy = ba,

an1T1 + Ap2Z2 + ... + ApnTp = bnv

1.1.2 Solution, Consistency, Solution Set

Definition 1.2. Solution set

(1.1)
(1.2)
(1.3)

(1.4)

By a solution of an mn system (2), we mean an ordered n-tuple of numbers
(x1,x2,, 2y ) that satisfies all the equations of the system. The set of all solution

is called the solution set
In our previous example (1), the solution set is (1,3)

Definition 1.3. Consistency

If a linear system has at least one solution, it is called consistent. Otherwise,

it is called inconsistent.

Example 1.2.
r+2y=3

4z +8y =6
is inconsistent because there is no solution.
Remark 1. There are three scenario:
1.unique solution: consistent

2.infinitely many solutions: consistent (singular case)

3.no solution: inconsistent (singular case)

1.2 The Geometry of Linear Equations

1.2.1 Row Picture

Example 1.3. A single linear equation
ar+by=-c

cut out a hyperplane (a line) in R2. e.g
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; \ eql:x+2y=3

-3 -2 -1 0 1 2 3

=

-2

This is the case with infinitely many solutions.

Example 1.4. A system of equations cut out the intersections of hyperplanes
associate to each equation e.g

z+2y=3

4z 45y =6

; \ eql:x+2y=3

-3 -2 -1 0 1 2 3

eq2:4x+5y =26

In this example, we have unique intersection point at (1,2).

Example 1.5. We may have infinitely many solutions e.g
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eql:x+2y=3

-3 -2 -1 0 1 2 3

eq2:4x+ 5y =

-1

-2

In this example, we have unique intersection point at (1,2). In this example, we
have no common intersection point. i.e. no solution

Example 1.6. Let’s consider 3 x 3 system:

2r4+y+z=>5 (1.5)
dr —6y = -2 (1.6)
—2x+Ty+22=9 (1.7)

where each equation describe a plane in R3

First two equation intersections at a line:

The solution (1,1,2) would be the unique intersection of the line with the plane
defined by the last equation. This is the non-singular case.

Question: What is the general picture with m equations in n dimension (i.e.
n > 3)?

1.Each non-trivial equation cut out a hyperplane (of dimension n — 1) in R"
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2.the solution set is their common intersection, which may be empty;

3.whenever the solution set is non empty, it is at least max(n — m,0)
dimensional

4.to read off the dimension of the intersection, one have to transform the
equation into row echelon form
1.2.2 Column Picture

We may treat a n x 1 matrix as a vector in R", e.g.

is a vector in R?. Two operations for vectors (similarly in R"™):

X1 CTq
scalar multiplication : ¢ |zo| = |cxo
T3 C.Tg_
x1 Y1 1+
vector addition : |z | + [y2| = |22+ y2
z3 Y3 T3+ Y3

Pictorially, the vector [ﬂ in R?. can be drawn as arrow:

-1 0 1 2 3

1.3 An Example of Gaussian Elimination

1.3.1 Equivalent System
Definition 1.4. FEquivalent

If two systems of linear equations have the same solution set, they are said to
be equivalent.

There are three operations that can be used to obtain an equivalent system
from an given one:
1. The order of any two equations in a system can be interchanged;
2. Both sides of an equation can be multiplied by the same nonzero number;
3. A multiple of one equation can be added to another
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Theorem Gaussian Elimination Using the row operations 1, 2 and 3, one can
always transform augmented matrix associated to a linear system in its reduced
row echelon form.

This process is called Gaussian Elimination.
Once the equation is in row Echelon form, we can easily read off the solution

Example 1.7. We solve:
2ut+v+w=>5

4u — 6v+ = -2
—2u+Tv+2w=9 (1.10)
By using only operation 1 and 3, we can transform the equation into
2ut+v+w=5 (1.11)
—8v — 2w = -2 (1.12)
w=2 (1.13)

We end up with a strictly triangular system, with the diagonal coefficient 2, 8,1
being the pivots
one can use operation 1 and 3 to bring it into a diagonal system:

u =5 (1.14)
—8v  =-2 (1.15)
w=2 (1.16)

Therefore one can read off the solution (1,1,2) from a diagonal system. Equivalently,
one can simply use the back-substitution method.

Remark 2. For an nn non-singular system, we can always use operations 1
and 3 to obtain a strictly triangular system.

1.3.2 The "Breakdown" of Elimination

Let consider the following system:

u + v + w = _ u+v+w = _
2u +2v + 5w = _ = 3w = _
du + 4v + 8w = dw =

So there is no way to avoid zero in the second diagonal position. This corre-
sponds to the singular case. Two scenario in this example:

1.there is no solution to last two equations,inconsistent.

2.there is solution to last two equations, consistent but infinitely many
solutions.

We can further eliminate 4w in last row by 3w, and in this case we call 3 the
second pivot. There is no third pivot.
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1.4 Matrix Notation and Matrix Multiplication

1.4.1 Matrix Notation

A matrix is an arrangement of mn elements in n rows and n columns, given by

a1l a2 ... ain
asl a2 ... asn
aml an2 ... anpn
Example 1.8.
1 2 3
A= [4 5 6]
5 4 1
B=13 2 2
9 7 9

C= [5 39 4]
Suppose we have the equation
1+ 2xe + 23 =3 (1.17)
3r1 — x9 — 3x3 = —1 (1.18)

2x1 4+ 3x0 + 23 =4 (1.19)

We write it asAxz = b,where

Example 1.9.

b=|-1

Here A is called the Coefficient matriz. The associated Augmented matrix is:

1 2 1 3
(A= |3 -1 -3 -1
2 3 1 4
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1.5 Triangular Factors and Row Exchanges
1.6 Inverses and Transposes

1.7 Special Matrices and Applications



Chapter 2

Vector Spaces

For the linear system Ax = b, the basic questions are existence and uniqueness—
Is there mo solution, or one solution, or an infinity of solutions? They are much
easy to answer after elimination. But we need to devote one more chapter to
those questions, to find every solution for an m by n system. It goes to the heart
of linear algebra.

2.1 Vector Spaces and Subspaces

2.1.1 Vector Spaces

Let’s go back to Ax = 0, which may have infinitely solutions.

Example 2.1.
bl x |“| =0
@ o) M

is a line | in R? through origin, which is determined by one vector.

Example 2.2.
x
[a b c]x yl =0
z

is a plane P in R through origin, which is determined by two vectors. The
remarkable thing is that we can choose different sets of vectors vi,v3 to express
the same plane.

We can get the common feature of Az =0
1.If Ax =0 then A(czx) = 0.
2.If Ax = 0, Ay = 0 then we have A(xz +y) = 0.
Than extract these properties into the notion of vector spaces.

11
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Definition 2.1. Once the vector in a space can have addition and scalar multi-
plication, and the result is still in this space, then the space can be called vector
space.

Remark 3. Addition and scalar multiplication are required to satisfy these eight
rules:

lz+y=y+=x.

20+ (y+2)=(x+y)+ =2

3. There is a unique "zero vector" such that x + 0 = x for all x.

4.For each x there is a unique vector —z such that z + (—z) = 0.

5.1x = x.

6.(c1ca)x = c1(cax).

7.c(x+y) =cx + cy.

8.(c1 + c2)x = 1z + ca.

Remark 4. The formal definition allows other things to be "vectors'-provided
that addition and scalar multiplication are right.

1.The infinite-dimensional space R.

2.The space of 8 by 2 matrices. Here the "vectors" are matrices, the space
is almost the same as R® (The siz components are arranged in a rectangle instead
of a column), indeed it is isomorphic(to RS.

3.The space of even fuctions f(x). Here the "vectors" are fuctions, the
dimension is somehow a larger infinity than for R™.

Are these sets below vector spaces? You can give some examples.
1.R3 without the origin.
2.R? without the third quadrant.
3.C?

2.1.2 Subspaces

Geometrically, think of the usual there-dimensional R® and choose any plane
through the origin. Obviously, that plane is a vector space: it is a subspace of
the original space R3.

Definition 2.2. If S in a nonempty subset of a vector space V, and S
satisfies the conditions: linear combinations stay in the subspace.
1.4+ v €S wnhenever 4 € S and U € S.
2.cti € S whenever © € S for any scalar c.
Then S is said to be a subspace of V.

Notice in particular that the zero vector will belong to every subspace. That
comes from rule (ii): Choose the scalar to be ¢ = 0.

Remark 5. The subsets {0} and V are subspaces of V', and are called trivial
subspaces().
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Remark 6. Vector vs Points

It is common to represent each vector with just a point in space, the point
at the tip of that vector with its tail on the origin. That way, if you want
to think about every possible vector whose tip sits on a certain line, just think
about the line itself. Likewise, to think about all possible two-dimensional vectors
all at once. What you will be thinking about is the infinite, flat sheet of two-
dimensional space itself, laeving the arrows out of it.

In linear algebra, lines, planes, spaces can all be treated as a collection of
vectors. That is why they are called vector spaces.

Example 2.3. Subspaces of R? (three types):

0
NE

1.The origin. That is the zero vector

2.Straight line across the origin.
3.R? itself.
Try to list the subspaces of R®.

Example 2.4. Start from the vector space of 8 by 8 matrices. One possible
subspace is the set of lower triangular matrices. Another is the set of
symmetric matrices.

Property
Property 1. The intersection of two subspaces is still a subspace.

Property 2. Tf W is a subspace of V, then Oy = 0,. (Is R a subspace of
R2?)

Try to decide whether the following ones are subspaces of R2.
1.51 = {(=z,0)|z € R}
2.5, {(xay)|4$+y:0}(x’y€R)
3.9 ={(z,y)|lx +y = 1}(z,y € R)
484 = {(z,y)lwvy = 0}(z,y € R)
5.95 = 51N S2
6.5¢ = S1U S,

The Column Space of A

We can first associate column space with linear equation Ax =b.

11 2 by
2 1 3| " b
4 1 5] "2 T by
718 3 by

With m>n we have more equations than unknownsand usually there will be
no solution. An important question is which b allow this equation system to
have solution?
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Some right side b which make the equation system solvable are given:

11 2 o] 1 1 2 1
2 1 3 1 ol |2 1 3 1 2
4 1 50 "2 T ol |4 1 5| |72 T |4
71 8 3 o |7 1 8 3 7

How about we write the solution first, find which b lead to this solution?

by
by
b3
by

X1 + X2 + x3

N N
— = e
oo Ot W N

The left side gives all posible linear combinations of the three column vectors.

Definition 2.3. Given a m by n matriv A = [d1 a3 dn|, the column
space of A is defined to be C(A) = {c1d] + c2a2 + + cnap|c; € R}

You may already discover. The system Ax = b is solvable if and only if the
vector b can be expressed as a combination of the columns of A. Then b is in
the column space.

For matriz A, do its three column vectors all contribute to expand the dimen-
ston of column space? No, because even if we delete a column, the column space
will not change. We will call the linearly independent( columns(contribute to

1 1

column space) that come first pivot columns later. Hence, C(A) = span{ Z , } }
7 1
1 3 0 2
Example 2.5. Say R= (0 0 1 3].
0 0 0 O
Any elements of the form
1 3 0 2
.f:,Il 0 + Z2 0 +I3 1 + x4 3
0 0 0 0

1 0
= (z1 + 312+ 214) |0 + (3 + 3z4) |1
0 0

is in C(R).

1 0 a
C(R) = span{|0]|, |1|} = span{|b]| |a,b € R} = span{ai,a3}
0 0 0
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C(A)=span{a;/i is the pivot column in the RREF}. This is a minimal span-
ning set for C(A).

For another matriz, the smallest possible column space (one wvector only)
comes from the zero matric A = 0. The only combination of the columns is
b = 0. At the other extreme, suppose A is the 5 by 5 identity matriz. Then
C(I) is the whole of R®; the five columns of I can combine to produce any five-
dimensional vector b. This is not at all special to the identity matrixz. Any 5
by 5 matriz that is nonsingular will have the whole of R® as its column space.
For such a matriz we can solve Ax = b by Gaussian Elimination: there are five
pivots. Therefore every b is in C(A) for a nonsingular matriz.

The Nullspace of A

Definition 2.4. The nullspace of A consists of all vectors x such that Az = 0.
It is denoted by N(A). It is a subspace of R™ | just as the column space was a
subspace of R™.

x1
Definition means the nullspace contains all the solutions x = |xza| to
3
(1 1 2 [0
2 1 3 |7 _ |0
41 507172 7 o
7 1 8 o
Some obuvious solutions:
11 2 o 0] [1 1 2] 1 0
2 1 3 0 2 1 3 0
4 1 5 0 0’14 1 5 1 0
7 1 8 L 0 7 1 8] 0

Then, we can write a complete solution to this equation system by observation.

N B~ N =
— = =
co Ot W N
o O OO

where ¢ is a constant. So the nullspace looks like a straight line across the origin
which is a subspace of R3.

Is the solutions stil a subspace when the right-hand side b not equals to zero?
Definitely no, because zero vector isn’t in the solution space.

Remark 7. Contrast between N(A) and C(A)
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- N(4) c4)
N(4) Cc(4) 4. There is no obvious 4. There is an obvious relation
- - relation between N(A4) and between C(A) and the entries
1. N(4) is a subspace of R™. | 1. C(A) is a subspace of R™. the entries in A. in A, since each column of A
2. N(A) is implicitly defined; | 2. C(A) is explicitly defined; is in C(A).
i.e., you are given only a i.e., you are told how to build 5. A typical vector v in N(4) 5. A typical vector v in C(A) has
condition AX = 0 that vectors | vectors in C(4). has the property that the property that the linear
in N(A) must satisfy. Av=0 system AX = v is consistent.
3. It takes time to find 3. It is easy to find vectors in 6. Given a specific vector v, it | 6. Given a specific vector v, it
vectors in N(A). C(A). The columns of A are is easy to tell if visin N(A) . | may take time to tell if v is in
Row operations on [A 0] are displayed; others are formed cA) .
required. from them. Just compute Av Row operations on [A v] are
required.

Now, you have know two important subspaces defined by a matriz. At the end
of this chapter, you will know 4 subspaces-the column space of A, the nullspace
of A, and their two perpendicular spaces. You are now approaching the core of
linear algebra.

2.2 Solving Ar =0 and Az =10
2.2.1 Az =0

This section introduces an algorithm. To understand the solving process, let’s
look at this matriz.

13 3 3
A=12 6 8 10
3 9 11 13

How to find the solution of Ax =07

We have learnt an algorithm for solving linear equation systems-Gauss
Elimination, which can help us simplify the questions and find the pivots.
Do G.E. for matriz A

The first step:

13 3 3 13 3 3
2 6 8 10f—1|0 0 2 4
3 9 11 13 0 0 2 4

The second column has no pivot. In chapter 1(square matriz cases), we call
this situation permanent failure(or singular). But it doesn’t mean Ax =0 has
no solution. We can go on to find the next pivot.

13 3 3 1 3 3 3 1 3 3 3
A=12 6 8 10— |0 0 2 4 —=1|0 0 2 4| =U
3 9 11 13 00 2 4 0 0 0 O

G.E. ends. the result is not a strict upper triangular matriz, we call it
Echelon Form U.
The matriz A has two pivots, which is called the rank( of matriz A.

Definition 2.5. The rank of a m X n matrix A is the number of pivots in its
row echelon from. It is written as rk(A) or rank(A).



2.2. SOLVING Ax =0 AND Az =b 17

Property 3.  1.rk(A) < min(m,n) for m x n matriz A.
2.For n x n matriz A: A non-singular <= A invertible <= r1k(A)=n.
3.rk(AB) < min(rk(A),rk(B)).
4.17k(A)= dimension() of C(A)= minimal no. of columns needed for
spanning C(A)

During this elimination process the nullspace is unchanged.
proof: PA = LU ,where P and L are invertible m x m matrices.

0= Ax
= (L7'P)Ax
=Uzx

Then N(A) = N(U)

The simplified equation system becomes

13 3 3 1 0

00 2 4| x|*2| = o

000 0 3 0
Z4

Find the pivots and they determine the pivot columns, the rest are free
columns. In this example, column 1 and column 8 are pivot columns, column 2
and 4 are free columns.

We can take any number for the coefficient of free columns and solve the
coefficient for pivot columns by back-substitution. Commonly, we choose to set
a free column coefficient 1 and the others 0.

x1

1 3 3 3 ) 0] 1 3 3 3 | 0
0 0 2 4| x —lol, {0 0 2 4|« = lo
000 0 “%3 ol 1o o 0o If’ 0

Write their corresponding equation systems.

x1 +3r9+3x3+3x4 =0
2x3 +4x4 =0
0=0

Solve the coefficients of pivot columns by back-substitution now.

-3 3

1333 ) 0] 1 3 3 3 0 0
00 2 dfx| | =10,10 02 4]x| =10
0000 0 0] [0 000 ) 0
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-3 3
Add them, the solution is v = x» (1) + x4 _02 . They span a 2-dimensional
0 1
-3 3
1 0
space N(A) = span{ ol 129 I3
0 1

Recall in Chapter 1, we can do row operations to let the matriz become an
identity matirz, then the solution appears on the right side (that is how you
find the inverse of matriz) . Similarly, we can have further simplication to this
linear equation system.

1 3 3 3 1 3 3 3 1 3 0 -3
U=10 0 2 4/ —=(0 0 1 2| =10 0 1 2| =R
0 0 0 O 0 0 0O 000 O

After this process, we have the Reduced Row Echelon Form(RREF) R.
During this elimination process the nullspace is unchanged too.

proof: U = DU and EU = R, where D and E are invertible m x m matrices.

0=Ux
= DUz
=D 'DUx

Then N(A) = N(U) = N(R)

2.2.2 Ax=1»

If we slightly change the right-hand side b, the augmented matriz is:
1 3 3 3 1
001 2 4
0 0 0 0O

Write its corresponding equation systems.
x1 +3rs+3x3+3x4 =1

2£L'3+41'4:4
0=0
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An important question: What is the particular solution? It can be any solution
to the linear equation system, no matter what method you use.
I’d like to introduce you one common method: Set all free variables 0.

xr1 + 3$3 =1
2583 =4
-5
. Lo 0
So, a particular solution is x, = 9
0

To find the complete solution: add the particular solution by nullspace
vectors.
Az, =0
Az, =0
Alxp +x,) =b

The Complete solution is Tcomplete = Tparticular + Lnullspace -
For the example above, the complete solution is

-5 -3 3

Te=Tp + Ty = + 2 + x4 , T, Ty € R

0 1
2 0 -2
0 0 1
Can the whole solution set construct a subspace of R*? Firstly, let’s consider
nullspace only. It is a 2-dimensional plane through the origin in R* space.
Then add a particular solution. It is now a 2-dimensional plane away form the

origin in R* space.

Nullspace of A Solution set of Az=10b

2 — dimensional plane through the origin 2 — dimensional plane away from the origin

Now try to understand any particular solution is OK if the tip of 2}, is in the
blue plane.

13 3 2] by
Example 2.6. A= | 2 6 9 7|.,b= |by|, when Ax = b is solvable?
-1 -3 3 4 b3
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The augmented matrix:

1 3 3 2
2 6 9 7
-1 -3 3 4

1 3 3 2 1
— 10 0 3 3 b2—2b1 — |0
0 0 6 6 0

CHAPTER 2. VECTOR SPACES

by

o O w

3 2
3 3
bs + by 0 O

Hence, when bg — 2by + 5b; = 0, Ax = 0 is solvable.

It is worth mentioning that

1 3 by
C(A)=span{| 2 |, |9]|} = span{|bz| |bs — 2ba 4+ 5b; = 0}
-1 3 bs
Pictorially:
| '\|
1 23 5 il A
Example 2.7. Consider |2 4 8 12| x ; = |by| =0
3 6 7 13 x3 bs

1.Find column space, null space of A.
2.Find condition on b s.t. the equation is consistent.

0

3.Find general solutions for Ax = | 6

What we have to do is G.E.:

—6

1 2 3 5 b 12 3 5 b1 1 2 3 5
2 4 8 12 by - |0 0 2 2 by—204| —|0 0 2 2
3 6 7 13 b3 0 0 —2 =2 b3—3b 0 00 O
1 2 3 5 b1 1 2 0 2 4by —3/2bs
=10 0 1 1 1/2bo—b; | = |0 0 1 1 1/2b0—1
0 0 0 O bg+by—5by 0 0 0 O b3+ by—5by
[1 2 3 5 b1
If we stop at: |0 0 2 2 b — 2bq
10 0 0 0 b3+ba—50
1] [3 by
C(A) =span{ |2, |8} ={|bz2]| |bs + b2 — 5b; = 0}.
E 7 bs

by
ba — 2by
bs — 2by + 5by
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For null space: two free variables xo and x4 with two equations:

{21‘3 + 21’4 =0 . {Ig = —4

T, + 229 + 323 + 524 =0 T = —2x9 — 214
—2x2 — 214 2] [-2
i) 1 0
Hence, N(A) ={ |z2, 24 € R} = span{ , }.
—X4 0 -1
T4 0 1
210
For b=| 6 |, we find the particular solution.
—6
1 2 3 5 b1 1 2 3 50
00 2 2 by — 2by =0 0 2 2 6
0 0 0 O bg+by—5by 0 00 0O
Set free variables xo = x4 = 0:
xr + 31’3 =0 N I3 = 3
21‘3 =6 r1 = -9
-9 -9 -2 -2
0 0 1 0
Therefore, x), = 3 T=|4 + x2 0 + 24 ]
0 0 0 1
Remark 8.  1.Permuting rows may be needed in the Elimination, since our
focus is not LU factorization, we don’t need to fix the permutation P at the

beginning.

2.It is enough to reduce to U instead of R for solving the equation, finding
C(A) and N(A).

3. We have the equality: no. pivot columns + no. free variables of N(A) = n.

2.3 Linear Independence, Basis, and Dimension

For a m X n matrix, the numbers m and n give an incomplete picture of the
true size of a linear system. The important number is the rank r, which was
introduced as the number of pivots in the elimination process. But it would be
wrong to leave it there because the rank has a simple and intuitive meaning:
The rank counts the number of genuinely independent rows in the matrix A.
The goal of this section is to explain and use four ideas:

1.Linear independence or dependence.

2.Spanning a subspace.

3.Basis for a subspace(a set of vectors).

4.Dimension of a subspace(a number).
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2.3.1 Linear Independence

Definition 2.6. A set of vectors v1,,vx are said to be linearly independent
if whenever we have an expression

vl + +epvp =0

then we must have ¢y = = ¢ = 0.

Otherwise, they are called linearly dependent.

In the other word: we cannot find a non-trivial linear combination to express
zero vector.

Suppose v = B] , Vg = E] , they are not linearly independent because
2v1 — v = 0.

Suppose vy = E] , Vg = {8] , they are not linearly independent because
Ovy — 3vy = 0.

A zero vector makes the whole set of vectors dependent because we can take
zero other vectors and one zero vector to get a zero vector.

Can the flowing 3 vectors in R? be linearly independent?

== =]

We can represent every vector using 2 vectors that are not in the same line:
vy = 7/5v1 + 4/5v2, which means 7/5v; + 4/5v9 — vz = 0. Hence, these 3
vectors are not linearly independent.

Another interpretation:
12 3] (Mo
315 2l 7o
T3

This system always have nonzero solutions. Free columns always exist.

To repeat, if a matrix A have nonzero solutions to Ax = 0, then the columns
are linearly dependent. The solution shows us which combinations of columns
of A gives the zero vector.

Remark 9. If If we write the vectors in columns of A:

They are independent if and only if the nullspace has only the zero vector,
no free columns appear and n =r.

They are dependent if and only if the nullspace has not only the zero vector,
has free columns appear and n > 7.

31 4 2
Example 2.8. Let A= |0 0 1 5], then the pivots columns ay,a3,ay are
0 0 0 2

linearly independent, and adding any non-pivot column become dependent.
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3 4 2
Ifc1 |0 4+ ¢ [1] +¢c3 |5 =0
0 0 2

— ¢3 =0 form last row.

— ¢co =0 from second row.

— ¢1 =0 from first row.

— ai, a3, ay are linearly independent.
a1 —3d3 =0

— linearly dependent.

Remark 10. ai,,d, are linearly independent <= Qaz,,Qay, are linearly
independent

1 3 3 2
Example 2.9. [fA=| 2 6 9 5|, then 3 invertible 3 x 3 matriz E s.t.
-1 -3 3 0
1 3 3 2
A=E|0 0 3 1
00 00

After a series of row operations, the row space and the nullspace remain un-
changed, but the column space changed.
Check if this relation of columns is still unchanged?

(Col2) + (Col3) = 3(Col4),3(Coll) = (Col2)

The answer is yes. That is because nullspace never changes. The nullspace
shows us which combination of columns can lead us to zero and the relation is
ever-lasting.

1 3 1 3
Hence,| 2 |and|9]| as well as [0| and|3| are linearly independent.
-1 3 0 0

Remark 11. If we have ai,, d, in R™ and

T non — zero(i = j)
ai aj = . .
0(i # )

then ai,, a, are linearly independent.

i.e. orthogonal vectors() are linearly independent.
Proof: If c1ai + + cpdy, = 0, then @} (c1ai + + cndn) = ¢;(d}" @)

ST s
Because aj" aj is a non-zero number, ¢; = 0.

Remark 12. Supposed v1,, v are linearly independent,
adding Uyy1 are still linearly independent <= Up41 not in span{vy,, Uy}
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Proof:

not in = l.i. < [.d. —in

If v1,, Uk41 are linearly dependent, then c;v7 + + cgy10x4+1 = 0 for some ¢;
not all zero.

ck+1 # 0 because 01, , v}, are linearly independent, then 11 = —c¢1/cp4101 —
— ¢k /Cr4+10k, which means ¥4 in span{vi,,v;}.

The proof of l.i. — not in is similar.

Remark 13. Let V be a vector space and vy, vs,,vi(k > 2) be a set of vectors.
Then v1,v2,,v; are linearly dependent if and only if one of the vectors v; can
be written as a linear combination of the other vectors.

Proof: (1)Assume vj,vq,,vy are linearly dependent, the equation cjv; +
oV + + ¢ivp = 0 has nonzero solution.

This means at least one of the ¢; is nonzero.

Let ¢, be the last one, with ¢, # 0.

c1v1 + cov2 + + v =0

v = —C1/C01 — 2/ — — Cro1 /U

So v, is a linear combination of other vectors.
(2)Assume V. is linear combination of other vectors.

v = (c101 + c2v2 + + ¢r_1Vp—1) + (Crp1Upp1 + + ClUE)

c1v1 + 22 + + 11 + (1)U + Crp1Vrp1 + + v =0

So vy, v, , v are linearly dependent.

2.3.2 Spanning, Basis and Dimension
spanning

Definition 2.7. Vectors vi,v3,,v, span a space means: the space consists of
all linear combinations of these vectors.

Can I change the word "consists of" with "contains"? No.

Vectors 7, Vs, , U, span a space means: the space is the smallest vector space
that contains all the combinations of these vectors. The spanning space of a
set of vectors is exactly all the combinations of the vectors.

The columns of A span the column space C(A).

There is no need for these vectors to be linearly independent.

Example 2.10. The vectors wy = (1,0,0),ws = (0,1,0) and wz = (—2,0,0)
span a plane(the x —y plane) in R3. The first two vectors also span this plane,
where wy and ws span only a line.

Example 2.11. The coordinate vectors eq,, e, coming from the identity
matriz span R™. Every vector b = (b1, ,b,) is a combination of those columns.
In this example the weights are the components b; themselves:

b="bes + + bpe,.
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Basis

To decide if the columns are independent, we solve Az = 0. To decide if b is
a combination of the columns, we try to solve Az = b. Independence involves
the nullspace, and spanning involves the column space. The coordinate vectors
e1,, e, span R™ and they are linearly independent. Roughly speaking, no vectors
in that set are wasted.

This leads to the crucial idea of a basis.

Definition 2.8. A basis for V is a sequence of vectors having two properties at
once:

1.The vectors are linearly independent (not too many vectors).

2.They span the space V (not too few vectors).

1

Example 2.12. v; = {2

R? with A = [vl vg]

] , U3 = B] is a basis for R? because N(A) = 0,C(A) =

U = B] is not a basis for R? because span{ B]} # R?
- 1l . 0| . 1] . . 2 L
Ui = gl a2 = |03 = || 0 not a basis for R® because vy, Vs, U3 are

linearly dependent.

Remark 14. There is one and only one way to write v as a combination of the
basis vectors

Proof: If v=ayvy + + apvr and also v = byvy + + byvg, then subtraction
gives 0 =Y (a; — b;)v;. because independence, every coefficient a; — b; must be
zero. Therefore a; = b;.

Remark 15. A basis is an optional spanning set of V', it is not unique:

- 1| 0f . . o 1 4 1] .
€1 = [O} , €9 = [J is a basis for R2, v = [2] LUy = [3] is also.
And in R™, the set {e1,ea,,€,} is called the standard basis of R™

1 3 3 2
Remark 16. Consider U= |0 0 1 3| and C(U).
0 0 0 O
1 3
CU) =span{|0]|, 1|}
0 0
1 3 1 3
0|,|1| are linearly independent as N(|0 1|) =0
0f |0 0 0

Hence, pivot columns is a set of basis for C(U) in the case that U is in row
echelon form. If we are asking the columns to be a basis for the whole space R™,
then the matriz must be square and invertible.
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Example 2.13.  1.Let V = {ag +a1x + asx® + azz®|a; € R}, then 1,2, 22, 23
s a basis for V.
2.Let C = {a + bila,b € R}, then 1,i is a basis for C.

3.Let Max2(R) = {{Z Z] la,b,c,d € R}, then [(1) 8},{8 (1)},[? 8],{8 ﬂ
is a basis for Maoyo(R)
JoLet Sana(R) = {A|A € Mays(R), AT = A}, then F 0} [O 0] {O 1}
’ ’ 0 0|’(fo 1|1 0
is a basis for Saxo(R)
5.Let Baxa(R) = {A € Mays(R)[tr(A) = 0}, then [O 1“2 gHé 0]

0 0 -1
is a basis for Bayxo(R)
0 1 0
6.Let Dgxg(R) = {A|A S M3><3(R),AT = —A}, then |—1 0 0 5
0 0 0

0 0
0 0
-1 0
is a basis for Dsyx3(R)

Dimension

A space has infinitely many different basis, but there is something common to
all of these choices. The number of basis vectors is a property of the space itself.

Definition 2.9. If V is a vector space with basis v1,,v,, we say that the di-
mension of V is n or V is n-dimensional.

Dimension of R™ is n.
Dimension of Bax2(R) is 3.
Dimension of D3x3(R) is 3.

Property 4. If vi,...,vy and wy,...,w, are both bases for the same vector
space, then m = n. Dimension of V is well-defined.

Proof: Suppose there are more ws than vs (n > m). We will arrive at a
contradiction.
Say n=3, m=2:
Wy = G11V1 + G21V2

Wo = G12V1 + G22V2

w3 = G13V1 + G23V2

Let A — [an @12 a13}

a1 Qa2 a23
C1
Because Az = 0 has a non-zero solution |cs|.
C3
We have:

[_, "]x ail; a2 ais
az1 a2 a3
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Then we have:

C1
[w1 wy ws] x |e2| =0 = crwy + cowy + czwz =0
C3

In this case, the ws could not be a basisso we cannot have n > m.

Property 5. Given two vector subspaces Wy and Wa of a finite-dimensional
vector space V', then dim(Wh) + dim(Ws) = dim(Wy + Wa) + dim(W1 N Wa).

Proof: Let x1,,x, be basis of W1, y1,, ym be basis of Ws.
1.We want to prove dim(W; + Ws) = dimC( [:El Tn Y1 ym])

(OWVz2eW, + Wy, Iz e Wy,ye Wast. z=x+y
Notice z =Y a2, y = > biy;

— 2 € C([m Tn N1 Ym))

(2)Vz € C([x Tn Y1 Ym))

— 2= ;% + ) by
—z=x+y withx € Wi,y € Wy
—ze W, + Wy

Hence,dim(W; + Ws) = dimC/( [xl Tn Y1 ym])

2.We want to prove dim(W; N W3) = dimN( [:vl Tn Y1 ym] ), the
nullspace is equal to Y a;x; + > biy; =0

(DIf > ajz; =0, then a; =0 and > b;y; =0—b; =0

If Y ajx; #0, then Y ax;, € Wy and > ax, = =Y biy; € Wa — > ax; €
Wi N Wy

— dimN([ml Tn Y1 ym}) < dim(W71 N W)

(2)Vu € W1 N Wa, Ha;}, {bi} st. Daxs ==Y biyi =

= > @z + Y, biy; =0

— dsz([.’ﬂl Tn Y1 ym}) > dzm(Wl n WQ)

Hence,dim (W1 N Wa) = dimN( [xl Tn Y1 ym])
In conclusion, dim(W;) + dim(Ws) = dim(W7 + Wa) + dim (W, N Wa)

Property 6. Let V be a space, then

1. Any linearly independent set of V' can be extended to a basis, by adding
more vectors if necessary.

2.Any spanning set for V can be reduced to a basis, by discarding vectors
if necessary.

Example 2.14. Consider the matrixz A:

_A:

SN =
= w
— O
S =N
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1.Can the 4 column vectors span C(A)?
Of course, it is the definition of column space.
2. Are they a basis for the column space C'(A)?
No, they are not independent because Az = 0 has nonzero solutions.
3.Can you find a basis for the column space C(A)?
Column 1 and column 2. They are pivot columns also. And dim(C(A)) = 2
because one set of basis have 2 vectors.

rank v = the number of pivot columns = dim(C(A))
n - r = the number of free columns = dim(N(A))
dim(C(A)) + dim(N(A)) = n for m x n matriz A

1
1
Remark 17. We must say = 1 being a four dimensional vector, meaning it

1
is a vector in R*, but span{v} is 1-dimensional subspace of R*. So the word
"four dimensional vector” here refer to its ambient space(.

2.4 The Four Fundamental Subspace

2.4.1 Null space

Given any n*n matrix A we can have

P=P,P, ... , Pr.(permutation matriz)
L=FE,Es,... , Es(type 3 elementary matrices)
s.t.
PA=LU

we talked about the case that A is a n X n matrix the same method works here

U could be in the row echelon form

P ox x  x % *

0 0 P *x x *
U=]10 0 0 0 P3 x =x
0 0 0 0 0 P =

o 0 0 0 0 0 O

We can further write

Py 1 % % *x % %

P 0 0 1 % % * =%

U= Py x|0 0 0 0 1 x =«
P, 0000 0 1 =«

1 000 0 0 0O
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Let’s consider = By further row operation, using

O OO
S O O *
O O~ %
O O ¥ *
[enll R I R
O ¥ *x ¥ ¥

0 0 0O

m X m upper triangular matrice

n OO - ¥ ¥

E

=

h

I
o O O =
OO OO ¥
oo o+~ Oo
O O O *x ¥
OO = OO
o= O OO
O ¥ ¥ ¥ ¥

I

=

o

R is in Reduced Row Echelon form

Property
Property 7. NA)=N({U)=N{U) = N(R)

Proof as PA=LU
(P,L are invertible matrices)
then

Az =0
(L™'P)Az =0
Ur=0

similarity
U=DU
EU=R

(E,U are invertible m x m matrices)

Example 2.15.

x

1 | ,solve R 21
T

=

Il
O O =
SO W
O = O

T4
We solve from the bottom rows:
T3+ 14 =0 23 =—14
Then the rows above is

T1+3x9—24=0— 21 = =329+ 14



30 CHAPTER 2. VECTOR SPACES

-3z + x4 —3z2 + x4
. 5 T2 _ 2
i.e. ¥= i or N(R)={ s 12, x5 € R}
Ty Ty

The variables NOT corresponding to pivots are free variables, variables
correspond to pivots are expressed in terms of free variables

_—31‘2 + 24 ) 1
we can write T = T2 =z 1 +x 0
- —T4 I 0 4 -1
L Ty 0 1
[—3 1
or N(R) = span{ é , i)l }
0 1

minimal size of spanning set = the number of free variables=the number of
number of non-zero rows.

1010 3 ?
0120 8 2
Example 2.16. A= 000 1 3 A 23 =0
00000 !
s
we start from the bottom
T4+ 35 =0— 24 = —3x5
then the next row
To + 223 4+ 8xr5 = 0 — 19 = —2x3 — 85
Finally:
r1+x3+25=0—>21 =—23 — 375
—xr3 — 3$5 ) -1
—2.133 — 8$5 —8 -2
N(A)={ T3 |zg, x5 € R} =span{| 0 | ,| 1 |}
—3xs -3 0
Is5 1 0

(non-pivot columns — free variables x3 and xs)
maybe you realize a quick way to write down N(A)
In this case: the number of free variables=2=the number of non-pivot columns

2.4.2 Column space
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1 3 3 2 by
Example 2.17. If [0 0 3 3 b — 2by
0 0 0 O bg—2by+5b
with bg — 2by + 5by is non-zero,then it is incomsistent
Therefore
by
C(A) = {|ba| |bs — 202 + 5by = 0}
d
1 3 3 2
Say R=10 0 3 3| in rref(reduced row echelon form)
00 0 0
Any elements of the form

1 3 0 2 1 0
f: T 0 +.Z‘2 0 +133 ]. —|—.T4 3 = (:l?l +3I2+2l‘4) 0 +(I3—|—3I4) 1
0 0 0 0 0 0

is in C(R)
1] [o a
C(R) = span{ [0 ) [1} =1 [b] la,b € R}
0

Another view on C(A)

1 3 0 2 1 0
C(A) ={x1FE (0) +zoF (0) +z3E (1) +x,E (3) } ={aFE (0) +bE (1) la,b, € R} = span{(a1), (a3)}
0 0 0 0 0 0

ie. If LT'PA=1U U is one upper triangular matric

then C(A)=span{(as)/i is a pivot column in the rref }

This is a minimal spanning set for C(A)

minimal size of spanning set = the number of pivot columns

1
b1
) } = { (b2) |b3—2b2+5b1 = 0}
b3

3 3 2
Example 2.18. A=| 2 6 9 7
-1 -2 3 4

1 3 1
C(A):spcm{(2) , (9)}:span{( 2 ) , (
—1 3 -1

1
3
1
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Picturially:

)

o~
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2.4.3 Column space and Null space

Example 2.19. Consider

1 2
2 4
3 6

- 0w
—
w o

by
T2 | b
- 2
I3 b
3
T4

Want:  1.Find column space ,null space of A
2.Find conditon on s.t. the equation is consistent

3.Find general solutions for Axz=

—6

0
6

what we have to do is Gaussian Elimination

1 23 5 b
2 4 8 12 by| —
3 6 7 13 by

1
Let say we stop at: |0
0

1
0
0

2

o

0

2
0
0

3

SN

3 5 by
2 2
—2 —2 by —3b
5 by
2 by —2b
0 b3+ by — 5by

1

3

C(A) = span{(a1) , (as)} = span{| 2 | , g b=A

3

For null space: two free variables xo and x4

Hence

—21‘2 — 232‘4

N(A) ={

or, looking at the rref:

€2
—z4
T4

O O =

by
by
b3

|x2, 24 € R} = span{

2 0 2
01 1
0 0 0

4by — 2/3bs
1/2by — by
bs + by — 5b

1 2 3 5
b2—2b1 — 10 0 2 2
0 0 0 O

|bs + by — 5by = 0}

1
0
0

O O N

O = W

S = WL
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0
For b=| 6 |,we find the particular solution
—6
1 2 3 5 by 1 2 3 50
00 2 2 bo—2b; | =10 0 2 2 6
0 0 0 O b3+ by—5by 000 0O
Set free variables xo = 0 = x4
x1 + 3563 =0
— I3 = 371‘1 =-9
2333 =6
Therefore
-9
. 0
P13
0

Summary:A:m X m matrix
AxZ =0
There exist Gaussian elimination s.t.

LP [A b] = T(upper triangular matrix)

Column space :
1.span by column of A = pivot columns
2. given by ;(b) = o,for those j which correspond to zero row in Row Echelon
form of A
Summary:
1.variables correspond to non-pivot columns(free)
2.variables correspond to pivot columns(not free)
3.Solving AZ = b,solution is ;, + Zp
4.Findz,: set free variables be any constant

Remark 18. 1. Permuting rows maybe needed in the Elimination, since
our focus is not LU factorization, we don’t need to fix the permutation P at the
beginning.

2. It’s enough to reduce to Ulupper triangular matriz), for solving the
equation, finding C(A),N(A).

3. We have the equation
the number of pivot columns= the number of free variables of N(A)=n

2.4.4 Rank of matrix

Definition 2.10.  1.The rank of a m X n matriz Ais the no. of pivots in its

row echelon form.
2. it is written as rk(A) or rank(A)
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Property 8.  1.rk(A)min(m,n) for m x n matriz A
2.For n x n matriz A

Anon — singular <= Ainvertible <= rk(A) =n
3.rk(AB) < min(rk(A),rk(B))

r B

-l
/ \i) )

Geometrically:
C(A) is a subspace of R™(sayAismxn matrix
rk(A)="dimension" of C(A)=minimal no. of columns needed for spanning

C(A)

2.4.5 Row space

1 3 3 2
Example 2.20. suppose A= | 2 6 9 7| and we have
-1 -3 3 4
1 2 -1
C(AT) = span{ g , g , ;3 } by definition
2 7 4
Row operation:
1 3 3 2
A-U=1({0 0 3 3
0 0 0 O
1 0
. T 3 0
Clain: C(A") = span{ 3l 3 }
2 3

dim(C(AT)) = the number of pivot rows = rk(A)
Row operation means: EA = U for invertible E, then we have ATET = U™
and AT = UT(ET)~1

1 2 -1 100
3 6 -3 y 211 €21 €31 1300
3 9 3 12 €22 €321 = 13 3 g
2 7 4 €13 €23 €33 2 3 0

— < e21a] + €22a3 + €23

€3101 + €32a2 + €33d
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Similialy
AT = UT(ETY™Y — span{ul,us, u3} € span{ai,ds, a3}

Therefore:
c(ATY = cw™)

Fact: In general

C(AB) € C(A)
Proof: write A = [aﬁ, ...... , a?L] ,then the i-th column of AB = Ab;
Ab; = b1y + boids + ... + bpidn,

s.t. every column in AB lies in C(A)

2.4.6 Left nullspace

Definition 2.11. the lefr nullspace of A is defined by N(AT)
N(AT) = {gl7 € R™, A5 = 0}
so we can think of N(AT)asspaceofrowvectorss.t.A:[O e 0] from
the leftdim(V (AT)) + dim(C(A)) = m
using the earlier discussion:
C(A) L N(AT) and C(A) + N(AT) =R™
N(AT) is NOT preserved by row operation, but related as follows:

*

EFA=U= *

— ATET =p7T =
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Example 2.21. A = [; 2} with m =n = 2
C) = spanf 3] 147) = spang | 3

CA™) = spanf 3] 1) = span(| 23

NAT)

2.4.7 Left inverse and Right inverse

Recall that: If A is n x n matrix, the following are equivalent
1.A is invertible.
2.A% = 0 has only as solution, or N(A4) = {0}
3.rk(A) =0or C(A) =RY

A is invertible: we have B s.t.

AB=BA=1,

and we say B = A~! (because inverse is unique)

For m x n matrix A with m # n, at best we have only one-side inverse.( and
not unique)

there are two case that these inverse exist: 1. m > n = rk(A): left inverse
exists i.e.BA=1, 2. rk(A) =m < n: right inverse exists i.e.AB = I,

Example 2.22. A = [g g 8] with rk(A) = 2 has right inverse
1/4 0

C=1|0 1/5]| it can’t has left inverse.
€31 C32

Mind: A way to find right inverse C = AT(AAT)~!
Symbolically: AC = (AAT)(AAT)1 =1,

14 0 0 r |16 0
Example 2.23.A—[0 5 O],AA _[O 25}

4 0 1/4 0
C=10 5 x[l/olﬁ 1/025}: 0 1/5
0 0 0 0

is one of the right inverse.
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Q: Why (AA'T) is invertible?
?m_ Rn.

T & cA”)
CA)=

AT

)

P

Picturially: :
at least we see that 7k(AAT) = m in this case.
To write down the argument: AATZ = 0
then =
aTAAZ =0 < AT ATE>=0ATE=0—-57=0

N(AAT) =0 and it is a square matrix — it is invertible.

For the discussion on left inverse: m x n matrix A with m > n = rk(4),
once again we can use transpose A7 to get that AT(AT)T = AT A is invertible.
Taking transepose again of ATC = I,,, we have CT A = I,,, with
cT = (ATA)flAT

Summery:
1.C(A) =R"
2.N(A) = {0}, or columns are 1.i.
3.C(AT) =R"

4.N(AT) = {0}, or rows are Li.
5.1t’s row Echelon form has n pivots.
6.1t has left inverse.

7.1t has right inverse.

2.5 Linear transformation

2.5.1 Introduction
Recall that we can think of a m x n matrix A as an assignment/map
Ly:R" — R™

sending a vector € R" to the vector AZ in R™
we write L (%) = AT

Example 2.24. 1. A=cl, Li(¥) =cZ
2.A= Omxna Lo(f) =0

0 1 o o) g
3.A= [1 0}, La(éz) =ei, La(éi) = é3 LA([Q]) N [iﬂ
%ﬁ@; L L@{
] ==
2 | &y

Picture:
It gives a reflection along the 45° line

cosf) —sinf ~\ _ |cosf y __ |—sinf
44 = [sin@ cosf ]’ La(ei) = {Sinﬁ}’ La(ez) = [ cos }
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FEE— ] -

" &
La&) 1 Lt

b3
23]
F\

6.A= [é 8] La(éi) = H La(e) = [8} .

observe that for A = [a’i,a’é, e a‘,’l], by definition 1.L4(é;) = d; is the i-th
column of A
2.L 4 is determined by its value at ¢;’s, more explicitly

o o]
C2 C2

La(| . | =4 .| =adl +ceds + ... + cndy,
Cn Cn

=c1La(€1) +c2La(é3) + ... +enLla(€)) = La(ci€l + s + ... + crép)
3.La(¢) € C(A) for any ¢ € R, C(A) is also called the image of A.

Definition 2.12. A map f from a set S1 to another set Sy is an assignment
of element x in Sy to an element f(x) in Sa
we write

f:Sl—>Sz

for a map

Example 2.25. let Sy be the set of students in linear algebra 7 class,
So=0,1,.....,100, let f : S; — Sy sending student x to his/her score in HW1I.
f is a map.

Definition 2.13. Given two vector space V, W, a linear map/tranformation is
a map, L : V — W
satisfying:

L(aZ + by) = aL(Z) + bL(Y)
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Example 2.26. we learn that Ps = {ag + a1z + asx? + azx®|a; € R}, the
space of degree 3 polynomials is a vector space. difine:

D: P3 — P3
be
D(a0+a1x+a2x2+a3x3) = (d/d;v)(ao+a1x+a2x2+a3x3) = a1 + 2a2z 4 3azx?

It is a linear tranformation:

{ D(cf(x))
D(g(x)f(x))

D(f(z))
D(g(x)) + D(f(2))

we let m : P3 — Py given by multiplication m(f(x)) = xf(x), then explicitly:

m(ag + a1z + agx® + azx®) = apx + a12° + asa® + azz?

let D = x(d*/da?), D(f(z)) = x(d* f(x)/d(2?))
D(ap+aiz+asr?+azxr®) = x(d/dx) (a1 +2a22+3a32%) = 2(2a9+6a31) = 2a220-+6az2>

Example 2.27. Integration: I : P3 — Py defined by I(f = f
explicitly:

I(ag + arz + azaz? + asx®) = agzr + (a1/2)x? + az /323 + (as/4)z?
I(cf (x)) = / ef(x)dt = ¢ / f(@)dt = cI(f(x))
1(f () +g(x)) = / *(F(@)+g(a))dt = / f(a)di+ / (gz)dt = I(f(x))+1(g(x))

Composition

Property 9. let f:V — W,g: W — U be linear transformation, then
go f:V — U is a linear transformation

go [ is defined as g o f(0) = g(f(¥))
Proof:

go f(avi + bvz) = g(f(avi + bv3))
= g(af(vi) + bf(v2))
= g(aw + bwy) = ag(wi) + bg(ws)
ag(f(v1)) + bg(f(v2))

a(g o f)(v1) +b(g o f)(v2)
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Example 2.28. we consider D = x(d?/dx?),we can think of
f=d*/dz?: P3s — Py, and g : P, — P,
then we have

(90 f)lao + arx + azx® + azx®) = g(f(ao + a1z + aza” + azz®))
= g(2a2 + 6agx)
= 2asx + 6a3932

= D(ap + a1z + asx?® + azz®)

Back to matrix: A : m X n matrix,Bn X r matrix.

Lp:R" —R" L :R" — R™

LAOLBZRT—>Rm

which is given by

LaoLp(X)=La(Lp(X))=La(BX))=A(BX)=(AB)X = Lap(X)

2.5.2 Matrix representation

If we look at L, : R™ — R™ associated to a matrix, it is determined by
L (é;) i.e.it action on a basis €1, ...., €,

Property 10. Any linear transformation L : R™ — R™ is given by L = L4
for some m x n matriz A

C1
Proof:(say n = 3,m = 2), write [ca| = c1€1 + c2€3 + 363

C3

L(c1€1 4 coé5 + c3€3) = erL(é1 + caL(é5 + csL(é3
set A= [L(e1), L(€3), L(€3)] be the matriz.

for generall : V. — W between two vector space, let say,v1, ...., U5,: a basis for
Vi, ....,wy,: a basis for W.
(say n = 3,m = 2) we can write every vector ¥ = a107 + a3 + asvs

L(¢= L(a1v1 + agv3 + azv3) = a1 L(v1 + ao L(v3 4+ a3 L(v3

L is uniquely determined by its value on a basis v1, v3, V3

let’s go back to the situation that L : V — W with basis v1,v3,v3 for V', and
u71, UTQ for W.

we know L is determined by L(v1), L(v3), L(v3), let’s further write:

L(01) = anwi + ag b

L(v3) = a12w] + agt
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L(v3) = a13wi + a3

or

o o N R ail a2 ais
L L , L = , X
[L(01), L(w3). L(3)] = [u1, 2] [ azg]

finding basis v;’s for V, and w;’s for W, the matrix [L] encode all information
about L.if U= ¢107 + cov3 + 303

L(0) = e1 L(v1) + ca L(03) + e3 L(v3)

= [L(91), L(v3), L(03)] x |c2
C3
= [wr,ws] [L] |e2
&)

Example:Let’s consider D = d/dx : P3 = P3 be the linear transformation.
We fixed a basis 1(viw), 2 (050, 2% (031073, 2 (vawy) for Py

D(U_i):0:0~ _‘1+0~U72+0‘U?3+0"u74: [UT1,1172,U737U74]

D(UE):IZIUT1+OUT2+O’[E3+OQE4: [1171,’11?2,’(173,’[174]

D(Ué):2$:O'1171+2'1172+0~U73—|—0-1174: [1171,1[7271173,1174] |:

D(v3) =3z = 0wy + 0w + 305 + 0 - w0y = [}, W, W, {

we collect the column vector representing

L(v;) = [1171,7172,1173,’&74] [a;]

we put [a;] as column of [L] : [L] = az as a4l
0 l 0 0
0 0 2 0

In the example [ ] 000 3
0 0 0 O
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Let say we want to find D(1 + z — 322 + 523) we can write

1
14z — 32% + 523 = [v1, 03,03, V4 _13
5
1
we multiply _13 to [L] from R.H.S:
5
01 00 1 1
0 0 2 0 11 |-6
0 0 0 3| |=3] |15
0 0 0 O 5 0
then
1
[, s, ,1) | 70| =1 - 62 + 1502
) ) ) 15
0

is the resulting vector.

Property 11. Given V and W as above, with v1, ..., v, basis for V. Fiz
l;, ...,l:l be n vectors in W.

there exist unique L : V = W linear transformations, such that L(3}) = I;)
Proof:(say n = 3): Given U € V, we can write ¥ = a1907 + ag03 + a3v;
uniquely(because of basis).

Defined L(V) = arli + asly + aglg, we check for linearity.

Example 2.29. Let Moyo(R) be the space of 2 x 2 matrices, let A = {(1) ﬂ
and we let L : Maya(R) — May2(R), given by L(B) =B - A
It is a linear transformation
L(ClBl + CQBQ) == (ClBl + CQBQ)A
= ClBlA + CQBQA
= Cl(BlA) + CQ(BQA)
= ClL(Bl) + CQL(BQ)

we take the basis
1 0|, .10 1y, .10 O, .10 O],. .
{0 0} (U17w1)a {0 0} (U2,w2)7 L 0} (v3,w3), {0 1} (v4,w4) for M2x2(R)

- 1 0f|1 1 1 1 . _ O
L(Ul)_{o O][ }_[ ]_ |+ Wy = [, W, W, W]

O O = =
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0
- 0 1|1 1 0 1 . IR I |
L(U2):{O 0} {0 1]2{0 0}2 2:[,w1w2,w3,w4} 0
0
0
o 0 Ooff1 1 0 0 R R v - - 10
L(”3>:|:1 0:| |:O 1:| :|:1 1:| = 3+ 4:[7w1w27 35 4] 1
1
0
. 0 01 1 0 0 R T
L(M){O J {0 1]{0 J 4 = [, Wi, ws, W] 0
1
1 0 0 O
1 1.0 0] . . .
[L] =10 0 1 ol ® the matrixz representation.
0 01 @

Q: What if we chose a basis in R™dif fer fromthestandardbasis,.....,7

Example 2.30. we recall that the map Lp : R2 — R? with [(1) (1)]

Lp(’l}_i)

R |
€3 =y = [y, W] M

LP(UB) €ﬂ 1172 = [1171,11?2] |:(1):|

0 1
What happened here is the change of basis: Wy = €3,wWs = €1, consider
L; : R?2 — R? be the identity map.

1
therefore the matriz representation is [Lp] = { 0]

Li(wy)=¢€3= [e‘i,veceg} [ﬂ

. - R 1
Li(wy) = é1 = [€é1, veces] [0}
[LI] = {O }, so we consider the composition:

LioLp=Lp — [L[] o [Lp] = [Lp]

43
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Lp l Lz

let V.- W -2 be a composition of linear map, with a corresponding
choice of basis, then we have the identity

= [M] ;Wi [L] o A [Mo L] v

In working, after the basis are fixed according the composition of linear map

correspond to matrix multiplication.
We may look at the change of basis in this way: say

L:V—W

then in particular we have
v v Lw
and we get ., [L]i i, [id] 5 = [L]
Example 2.31. we may use this relation to write down some linear transfor-
A
\
\X 0 L "

w —

Ui

mation:want to find t

.. . L R 0
the projection onto the Orotationof e;, take a second basis w) = v1 = [C.OS } , Wy =

v=| sin § , and then under this basis the Projection P, [P] L= {
cosf i ;

Pv; = w;, Pvg =0
In our earlier discussion:
R?(€3, 63) _id, R?(v1, 03) £, R? (v}, v73) _id, R? (€1, €3)
cosf) —sinf| [cosf sinf cos? 0 cosfsin 6
e?[P}ez: L‘in@ cos@} [ 0 0 } - [cosesiné) sin? 6 }
0

. 1
That is we R [O 0

R™! = [P], give us the matrix representation of the
projection P.

[PI* = (R [(1) 8] RT)(R [3 8} R*):R[}) 8] B = [P]
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o 1
Indeed we can read it in the other way R—1 [P] R= 0 8
suppose we want to write down reflection along the line, we can take a basis

_ |cos@| _ |—sinf
~ |sing| "2 7 | cos6

S

7 Ui [ld] & G [H] >

&

sinf  cos6 sinf —cost 2cosfsinf sin? 6 — cos? 0

(] [COSG —sin@]

cosf sinf ] _ {cos2 6 —sin?0 2cosfsinf ]
2.5.3 Image and Kernel

Definition 2.14. Giveb a linear transformation L : V — W, we define
1.ker(L) = {v|v € V, L(¥) = 0}
2.Im(L) = {w|w € W, there exist ¥ € Vs.t.L(¥) = W}

Example 2.32.
L=L, :R" — R™,thenker(La) = {U € R"|L4(¥) =0} = N(A)

Im(La) = {W € R™|W = LA(V)forsomet € R"} =C(A)
Now with L : V — W equipped with basis v1, ..., v,, for V, w1, ..., w,, for W,
matrix representation:(say m = 2,n = 3) write ¥ = ¢101 + 203 + ¢33, then

C1
L(’U) = [1171,1[72] [L] (&)
C3
N([L]) <= Ker(L) given by the 1-1 correspondence
c1 C1
co| — [v’i, V3, v}] Cco| = 107 + U3 + 303
C3 C3

Summary: 1.C([L])
<= Im(L)isal — lcorrespondence {Zl} — [wh, ] [Zl} = a1 + asWs
2 2

2.Ker(L) €Visasubspace

Im(L) eWisasubspace

3. rk([L]) = dim(C([L])) = dim(Im(L))
4.dim(Ker(L)) 4+ dim(Im(L)) = dim(V)

2.5.4 Isomorphism

Definition 2.15. f:V — W linear map is an isomorphism(, if we can find
another g : W — V be a linear map s.t.go f =idy, fog=idw
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Example 2.33. f: Ly :R® — R"” for invertible A is isomorphism.
g:R" — R", then we have go f(B) = g(A-B) = A"'AB = B,
fog(B)=A(A"'B)=B

Example 2.34. Recall that we have the vector space W = R with
r+y=mx-y, c-x =22 in fact it is isomorphism to (R, +,-)

we take f: R — R with f(a) =e%; g: Ry — R with g(xz) = log(x)
Claim:f, g are linear and fog=1idg,, go f = idg

L:V — W, with basis v1,...v,, for V, wi,...,w, for W

Claim:L is an isomorphism if and only if [L] is invertible.

Proof: Assume L is an isomorphism, then we have T : W — V s.t.
TolL =1idy, LoT —idy, then we take their matriz representation:

T, i Loy =0 [id)s; = Inxn
and
(L] - [T] =, [id]w, = Im xm

—m=nand[L]~* = [T
if [L] is invertible, then m = n and we have [L]™', we difine T : W — V for
W= ayu?l —+ CLQU?Q + .+ anuf’n by

T(@) = [61, 03, 7] [L]

an

Then 5 [T o Ll = Inxng, [L © Ty, = Inxn — Tistheinverseof L

2.5.5 Summary

1.Linear transformation L : V' — W (with a choice of basis) <= mxn [L]
2.Composition <= matrizmultiplication

3.Isomorphism <= Invertible

4.Im(L) < C([L))

5.Ker(L) < N([L])

6.dim(Im(L)) < rk([L])
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Orthogonality

In high school, we learned about vertical in geometry. In linear algebra, we also
find algebraic properties similar to vertical, which we call orthogonality().
3.1 Orthogonal Vectors and Subspaces

The basis of linear algebra is vectors ,matrices and Subspaces, and we’ll start
with vectors to understand the properties of orthogonality.

3.1.1 Orthogonal Vectors()

Definition 3.1. Let u = (ai,as--- ,a,)" and v = (by,by--- ,b,)T be vectors
of a vector space R™.Then the inner product()of u and v is defined as

(u,v) = uTv = a1by + asby + - - - anby,
For A and B are n X n matrices ,we define:
(A, B) = Trace(AT B)
Property 1. (u,v) = (v,u).
Property 2. (cu,v) = c¢{v,u).

Property 3. (u; + uz2,v) = (u1,v) + (ua,v).

47
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Definition 3.2. For a vector x, we define the length of the vector:
|| = (2, z)'/

Property 1. ||z|| = 0 if and only if t =0

Property 2. ||z|* + yl|* — 2(Z,5) = | & — ]*.

Proof:||z — y||* = (1 — y1)? + (r2 — 42)* + -+ (20 — Yn)?

=aftad+al +yf Hyi+oyn - 200 + 22y + o Teyn)
2 2

= [l=lI” + llylI” — 2{z, y)

Now we can define what is orthogonality for vectors and matrices.

Definition 3.3. We define v and u are orthogonal if:
(v,uy =0

We can see if v and u are orthogonal, from property 2.2,
lu—v|® = |Jul|® + ||v]|*.So they are vertical in geometry.

Lemma. If nonzero vectors vy,vy -« ,v, are mutually orthogonal(i.c.cvery
vector is perpendicular to every other)(), then they are linearly
independent. ()

Proof:If we want to prove they are mutually orthogonal we need to prove
for any ¢; € R, if c;v1 + covo + -+ - v, = 0,¢;, =0

This kind of thought is very important: we multiply both sides of this equa-
tion by v; for i € [1,n].

v; X 0=0=1v; X (crv1 + cava + -+ - cpVy)

And for v;v;,if i # j, v;v; = 0.The equation will be:

0= c; [|vil|®

Because v; is a nonzero vector, so ||v5]|* # 0, so ¢; = 0 for i € [1,n], then
we can prove vy, vs - -+, v, are mutually orthogonal

Tips:If we want to find a orthogonal vector of other vectors vy, vs,... U,
we need to make a matrix A = [v1,va,...vy], and find it’s N(A), the basis of it
is want we want.

Example 3.1. Find all vectors perpendicular to v = [1,1]T, if v is small, we
can assume
w = [a,b]", wlv =0

a+b:O,b:-a,w:a[l,—l]T,foraeRT
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Example 3.2. Find all vectors in R® that are orthogonal to v = [1,1,1]7 and
v = [1,—1,0]T.If vector is more than two, we need to form a matriz.

1 1 1
A= [1 1 0]7/1:10:0

x is what we want, the row simplest form matriz is
1

A= L1 ,N(A) =span| 1
0 -2 -1 o

Finally : w = a[l,1,-2]T, fora € R”

Example 3.3. Find all vectors that are perpendicular to vy = [1,4,4,1]T and

vy = [2,9,8,2]T.
14 41
A:{Q 9 8 2]’“:0

x is what we want, the simplest form matriz is

10 41
A‘[()loo}

the null space of the matriz is

—4 -1
0 0
N(A) = span 1l o
0 1

Finally : w = a[—4,0,1,0]” 4+ b[-1,0,0,1]7, for a,b € R
Example 3.4. Show that zy is orthogonal to z+y if and only if ||z|| = ||y||.
(@ +y,2—y) = |zl — yl* =0
then ||z|| = [yl

Example 3.5. Prove AT A has the same nullspace as A.

As we all know, (Azx, Az) = 0 if and only if Az = 0, assume x € N(A), Az
= 0O,then ATAz =0, 2T AT Az = 0 = (Az, Az)

As we all know, (Az, Ax) = 0 if and only if Az = 0, so N(A) = N(AT A)

3.1.2 Orthogonal Subspaces

In the previous study, we found that for the four basic subspaces of a matrix,
they will have some special properties
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Recall 1. We take a matrix A (m x n) for Ly R™* —>R™ We find
z € C(A)andy € N(AT)(z,y) = 0,C(A) + N(AT) =R™
z € C(AT)andy € N(A)(z,y) =0,C(AT) + N(A) =R"
Proof:take z € C(AT),y € N(A),z € R™,
r=AT Ay=0
(z,y) = (ATz,y) = (AT2)Ty = 2T Ay =0

Definition 3.4. For any * € Wy and y € Wo (W1, Ws are subspaces and
Wi, Wy € R™)if (x,y) = 0,we call they are orthogonal().

Wy L W
If W1 + Wy = R", we call them orthogonality complement()
Wy, =Wy

Sofor a matrix C'(AT) and N(A) are orthogonality complement, C'(A) and
N(AT) are orthogonality complement,too.

fact 1: if (z,y;) = 0 for a basis y; - -y, of V, then (z,y) =0 forallv eV

fact 2:if W C V be subspaces, dimW = dimV —> W =V

Theorem 3.1. As a linear transformation(),each matriz A transforms its
row space C(AT) to its column space C(A).

proof: assume A is m x n matrix, C(AT), N(4) € R", for any z € R", z =
v1 + g, (v € C(AT), vy € N(A)), so Az can be written as:

A(Ul + ’U2) = Avy + Avy = A

Avy is in C(A), so A transforms its row space C(AT) to its column space
C(4).
Note:Every vector b € C(A)comes from exactly one vector = € C(AT).

proof:There are many problems of falsification(), and we generally adopt
the idea of proof by contradiction.

assume 1,9 can transform to b by A.

Alxy —z2)=b—-b=

However z; — 2o € C(AT),if A(z1 — x2) = 0, then (z; — x3) € N(A).
C(AT)NN(A)=0=xz; — 79,50 71 = 79
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Example 3.1. Put bases for the orthogonal subspaces V and W into the columns
of matrices V and W. Why does VITW = zero matriz?
if VIW = zero matriz, VIWz =0,z € R™.

U1

V2

VT: ,W:[wl,w%...,wj]

v;
for any z € R",
U1
“lw,=0keR
v;
So Wz € C(W), so VIWz =0 forz € R", then VIW = zero matrix.
Example 3.2. Suppose S is spanned by the vectors [1,2,2,3] and [1,3,3,2]. Find

two vectors that span S*.
we know vectors in S+ are orthogonal with vectors in S. So we can assume
v1, vy can span S*.So the question is actually solving Az = 0.

1 2 2 3
A:L 3 3 2],Av1:A02:0

As we learn before, the row simplest form matriz is :

0 -5
A o228 -1 |1
01 1 -1t 1|72 0

0 1

Example 3.3. Suppose an n by n matriz is invertible: AA1 = I. Then the
first column of A1 is orthogonal to the space spanned by which rows of A?

assume:
U1
(%) —
A= LA 1:[w1,w2,...,wn]
Un
From the question, we can know :
U1 1
V2
A= X wp =
Un, 0

So we can know:the first column of Al is orthogonal to the space spanned
byva, vz, ..., Un
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Example 3.4. If P is the plane of vectors in R* satisfying x1+xo+x5+14 = 0,
write a basis for P*.
v = [r1,22,23,74)T,v € P,z; € R, s0 we can find v can be written as:

—T2 — X3 — T4 -1 -1 -1
. X9 _ 1 0 O
v 75 R N R IO e I
Ty 0 0 1
to find P+, we need to find N(A), for:
-1 1 0 0 }
A=|-1 0 1 0|,N(A) =span|,| =P+t =N(A)
1
-1 0 0 1 1

3.2 Cosines and Projections onto Lines

3.2.1 Cosines

If 27y = 0,then x,y are orthogonal,also called perpendicular().

The orthogonal case is the most important.

Now we allow inner products that are not zero,and angles that are not right
angles.

cosf = M,z‘fﬁ,ﬁ# 0
]yl

. . “Tﬂ
proof:cosf = cos fcosa —sin Ssina = I\Zﬁ?ﬁa\l + \|Zﬁl\)ﬁ;|\ = H;HH%H
since: [cos6] < 1, [|al [|b]| > [a”b]
Example 3.5. In n dimensions, what angle does the vector a = [1,1,...,1]T

make with the coordinate axes()?
assume an unit vector on coordinate axres is e;.

(@ ei) =1 lall lleill = vn
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(@, ei) 1
cosf = ——— = —
lalllles]] — v/n
Example 3.6. By choosing the correct vector b , prove that
(a1 + - +an)? <nlaf +-- +ap)

we choose b=[1,...,1)T, a = [ag + -+ an])",we can know |al| [|b]| > |a”'b|,
So
lal® [1b]* = n(a? + - +a2) > |aTb|" = (a1 + - + an)?
3.2.2 Projection one a line

Now, if we want to find the distance from a point b to the line in the direction
of the vector a, what we need to do?

"-v-'f

fact:Any vector € R" can be uniquely written as v = vy + vo(v1 € V,v; €
v’
Definition 3.5. We define the orthogonal projection() P:V —-> V, by P(v)
= Ul

Now we need to find ¢ in:P(v) = pv

U1

= qory- For any vector v P(v) = cv

1. stepl: Find unit vector(), of vy, v}

2. step2: Find ¢, v = v — P(v) = v — ¢v}
(v2,01) = 0 = (v, v1) — {ev}, v1), and (v}, v7) =1

(w,v)) =c" =¢

3. step3: P(v) = cv] = v{T xvxv}, and v{ x v is a number, so vil x v xv] =

vif vy
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T
4. step4: Finally, we can find the matrix [P]: v{Tv] = ‘T;T‘IQ
the matrix can transform any vector on the line
we find that [P] have some interesting properties.
Property 1 (P). = [P]|T, because (vivy)T = vlv;.
Property 2. [P]? = [P]
proof:(1)[P][PJv = [Plvy = v1
or we can see it in other way.
& T, T
[P]2 _ (% 1)11}14’01
[[oa]]
T T
vi vp v v
o] = llon)*, [P = o] = 2o = [P

— L =
flv1]] [[v1]]

Property 3. For a matriz [P] transforms vectors to V, matriz I-[P] can trans-
forms vectors to V¥
proof:v — vy = vy =v(I — [P])

Example 3.7. Is the projection matrixz P invertible? Why or why not?
we know that P? = P, if P is invertible, P = I, so obviously P isn’t invertible.
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Example 3.8. Find the projection matriz Py onto the line through a = [iﬂ

and also the matriz Py that projects onto the line perpendicular to a.
1113
013 9
if we want to find Py that projects onto the line perpendicular to a, we didn’t
need to find vector perpendicular to a.

9 -3
P2:I—P1:110[3 1}

we all know P; =

3.2.3 Projection one a subspace

Now we need to learn how to find a projection onto V?
Definition 3.6. ¢1,...,qx are in R", they are mutually orthogonal() and
<qia Q’L> =1.

If they are basis for V € R", we call them are a orthonormal basis() of

v

At that time, P(v) can be written as:

P(v) = (v,q1)q1 + (v,q2)q2 + - . - (v, qr) G

check:vy = v — (v,q1)q1 + (v,¢2)q2 + - .. (v, qk)qr, € VT
we need to check (vg,q;) =0foralli=1,...k

(v2,qi) = ((v = (v,q1)q1 + (v, q2)q2 + .. . (v, qk) k), Gi)

= (v, q) — (v,4:)(qi,q:) =0

So [Pl = qiql + q203 + - qr, af
Tips:After we define inner product, we can define Transpose() in a new
way.

Definition 3.7. we find that
(Az,y) = (z, ATy)
if any matriz satisfy (Ax,y) = (x, By) we say:B = AT
Property 1. there is only one transpose matriz of a matric.
proof:(Ax,y) = (z, By) for not only one B,xT ATy = 2T By, then zT(AT —
B)y=0forz,y € R", so AT —B=0,AT =B

Property 2. (AB)T = BT AT
proof:(ABx,y) = (Bz, ATy) = (x, ATBTy), so (AB)T = BT AT
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Example 3.9. Let A be a 9 (E 5 matriz whose rank is 4.

(a) Find the rank of AT A.

If we want to find rank of AT A, we need to find dim(N(ATA)), we know
N(ATA) = N(A), and dim(N(A)) = n - dim(c(A)).

So N(ATA) = N(A) = 1, rank of ATA = dim(c(ATA)) = n - dim(N(A))
=4

(b) Show that the equation Az = b has solution if and only if the orthogonal
projection of b on the the left nullspace N(AT) is 0.

Any b can be written as b = v + w (v € N(AT),w € C(A)). w is orthogonal
projection of b on the the left nullspace N(AT), so w can not be written as Az
=w, ifw#0, Ax = b can not be written.

Example 3.10. Project the vector b onto the line through a. Check that e =
b-p’ is perpendicular to a or not.

1 1

b=13|,a= |1

1 1
1 1 1 1
we need to find matriz P = % 1 1 1, the vector p = Pb = % 1
1 11 1

, we can finde x a =10
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Example 3.11. Find a 3(ES matriz P whose associated linear transformation
L(v) = Pv is the orthogonal projection onto V, for V = spanvy, vs.

1 1
v = 2 , Uy = 1
1 -1

if we have two vectors are mutually vertical, we can find P easily.

1 2 1
T 1
p=AL— "9 4 2
Jor® 611 2 1
2
thenvgp:vg—vgxPlzé 1
—4
. T o L[5 6 -3
P=—P 4P = AU | 27 10 2

- 2 2~ 94
ol Qlvsll” 143 o 13

3.3 Projection and Least Squares

3.3.1 Review

Recall 2. In the section before, we have learnt the inner product of the vectors.
For &,y € R, we have

(T,9) =T"§ = 21y1 + Tay2 + - + TpYn
, which we call it the inner product of Z, 1.
The inner product has some properties.
Property 1. o/ + [ly|* - 2 (7. 7) = | - 71"
Property 2. cosf = %, if Z,7 # 0.
Then, we define the concept of orthogonality.

Definition 3.8. Z L ¥, if (Z,7) = 0.

3.3.2 Projection as Linear Transformation

After the definition of orthogonality, we wonder the projection.

Question. V C subspace, How we write down the orthogonal projection onto
V2
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We need to define what is the projection.

Abstractly, if V' C R”, then V satisfies that V+V+ = R" and VNV+ = {0}.

Any vector ¥ € R™ can be uniquely decomposed as ¥ = v] + v3, where
U1 EV, 05 € VL.

Definition 3.9. We define the orthogonal projection P :' V. — V by P(¥) = v7.

check. (linearity) Let U,wW € R"™, ¥ = 01 4+ v3,W = w1 + wa. Then ¢+ dw =
(cvi + dury) + (cvg + du), where cvy + dwy € V andevs + dwy € V4. Then
P(ct + dd) = cvq + duwy.

As a linear transformation, P has some properties.
Property 3. P2 = P as linear transformation.
Proof. P(¥) =91 = P(P(¥)) = P(v1) = 1. O

Property 4. P(%) =@ — P(7) gives projection onto V.

3.3.3 Projection Matrix obtained by Transition

We wonder how to express a exact linear transformation of projection in the
form of matrix.

Question. How to write down matriz w.r.t. basis €;'s?
Step 3.3.3.1. Find a basis of V, say v3,..., V.

| |
Step 3.3.3.2. Let A= |v; --- .|, N(A) = VL, find a basis of V*, say

| |
Ukt 1y -« Un-

1, -

12
O
Step 3.3.3.3. ;; [P] . = L
U4 ’Uﬂi 01
02
0]
i On— |
| |

Step 3.3.3.4. Transition matriz ¢ [zd} = v e Up| =8

| |
Step 3.3.3.5. At last, & [P] & =S [P] - S~ is the matriz expression of the

i
i

projection linear transformation.
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3.3.4 Projection Matrix onto 1-dimensional Subspace

We want more geometric way of writing it. First, we consider the easy case.
When the dimension of V' equals 1, it implies that we are projecting onto a
single straight line.

In this case, dimV =1, i.e. V = Span{} for 7 # 0.

First, we need to normalize ¥, write & = zv. Then, we have [|0] =
ol = 1.

For any other vector Z, the projection of & onto V is parallel to 0. i.e.
P(Z) = c¢- 0 for a ¢ needed to find out.

In high school, we say in R?, and we have the formula P(Z) = (&, 0) 0.

We observe that this formula holds for any dimension.

§\~

Claim. P(Z) = (&, > iﬁ L is the required projection.

Given any T, write (:Z"' (Z,0)0) + (Z,0) 9. Then ¥ — (Z,0)d € VL, and
Z—(Z,0)veV.
check. Whether & — (Z,0) 0

We have (& — (Z,0) 0,0) = <f, 0y — (Z,0) (0,0) = (F,0) — (Z,0) =0

1
Example 3.12. Let £ = |2|, v = |1, compute the projection of T onto
3 1

Span{z’;’}
17> =12 +12+12 = 3.
(Z,9)=1-142-14+3-1=6.
2
Uv=2-U=|2|, which is independent on the choice of V.
2

|

P(&) = &7

171

Question. How above the matriz correspond to projection onto Span{v}?

. = S
151l all 151l il 151l

P(Z) =

Thus, the projection matriz is given by %, which is a n X n matriz of

rk = 1.

1 1 1 1
Example 3.13. 7= |1{, ”61”2 = %, v-0' = |1 1 1|, then
1 1 1 1
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We can observe that for the projection P onto a line, [P] is a symmetric
matrix.

Proof. [P]" = (B0)T = 200 — [P] 0

|1l

Indeed, any projection P onto V has its matrix representation under e}s
being symmetric.(Prove later)

Example 3.14. We may check the formula for projection onto the 0-line in R2.

. . cos 6
Take v # 0 parallel to the line with v = {Sin 9} .

L2 .
|7]|* = cos? @ +sin? 6 = 1
R cos?f  sinfcosd

vt = | .
sin 0 cos 6 sin? 6

cos? 6 sin 6 cos 0
sin 6 cos 0 sin? 6
using transition matriz.

As a result, [P] = { ], which agrees with the one we get

3.3.5 General Projection

How to write down a general projection onto V7?7

Definition 3.10. ¢i,...,q; be a sequence of vectors in R™, it is said to be
orthonormal() if

Lo 0 ifi#j

(@ q) = {1 ifizg

If further it is a basis for V.C R™, we call it a orthonormal basis for V.

Example 3.15. ¢; =

J

0 0
, €= |1, €3 = |0]| is an orthonormal basis for
0 1

OO =

Example 3.16. v; = {Zfﬁ’g} , Up = [Czlsnge} is an orthonormal basis for R2.

Let say given V, and orthonormal basis ¢, @, - . ., gk.(we will learn how to
find it later)
We can write the orthogonal projection onto V:

P) =, @)+ v, @)@+ +{(0,q) Gk €V

check.
V2 =70 — <’U7(Tl>(ﬁ - <U7§k>§k S VL?
We only need to check (vy, ;) =0 foralli=1,... k.

<U2aq_:i> = </U_<’U7q_i>51 __<Ua§k>§k7q’z> = <’U7q_’i>_<vaq_;l> <JZ7§Z> =0
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Suppose we want to write down matrix representation of P w.r.t. e}s.
[P] = @l +@ds + -+ ddl
We can observe that [P]T = [P], i.e. it is a symmetric matrix.
0
Example 3.17. ) = |1|, ¥h = |0|, Span{th,va} = V, please find the
0 1

projection matriz onto V.

Because (U7,02) =0, q1 =

1 1 9
Pl=ad+ad= |t {0
0 0 1

3.3.6 Least Square and another Projection Matrix

Once we can measure length, we can talk about approximation.
Given an inconsistent equation: AZ = b has no solution. i.e. b is outside

C(A).
2
We want best approximation: HAa}’ — bH attain minimum.
We want to find a vector AZ s.t. it is closest to b.
Let AZ = by, which is the orthogonal projection onto C'(A).
Then b — A% is in C(A)+ = N(AT).
Let e = ¢ — Az, where e for error vector.
That means we have:

AT(b— Ad) =0

ie. ATAZ = ATl_;, which we called it the Normal Equation and it is always
solvable. ,

The solution & = & would be a minimizer of HAE’ — I;H .

Here AT A is cross-product matrix n X n matrix.

It has some properties.
Property 5. AT A is symmetric.
Property 6. N(ATA) = N(4)

Proof. For product of matrices, we generally have N(A) C N(BA).
Let B = AT we have N(A) C N(AT A)
Now, we only need to show N(ATA) C N(A).
Take # € N(AT A), by definition AT AF = 0.

— 7TATAZ =0 = (AD)TAZ =0
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— |AZ|* = 0= AT =0 = T € N(4)
O

Tip: This is a useful trick. Please memorize it. Similarly, we have N(AAT) =
N(AT).

Property 7. If N(A) = 0 = AT A invertible. Then & has unique solution
&= (ATA)"1ATD.

1 2
Example 3.18. A= |1 3|,b=
0 0

4
5] , the equation AZX = b has no solution.
6

1 2
C(A) = Span{ |1|, |3|} not containing b.
0 0

Then, we consider the approzimation. i.e. Solving AT Ax = ATb.
4
- |1 1 0 9
TP _ _
ATh = [2 3 O} [5] o {23]
6
1 1 0 !
N(A)={0}, ATA = 1
2 30 0

(ATA)1= 1 __ [13 —5} _ [1

w O W N
| I |

det(ATA) |_5 9 5 9
o riar (13 =51 [9] ]2
=i = (A" A) Ab—[5 5 | 23] = |1

Come back to the Normal Equation AT Az = ATb.

Recall that A is the projection of b onto C/(A).

P(b) = Az = A(ATA)_lATI;, where A(AT A)~1 AT is the matrix for projec-
tion onto C'(4).

Let [P] = A(ATA)~' AT it has following properties.

Property 8. [P]° = A(ATA)"1ATA(AT A)~1 AT = A(ATA)"1 AT = [P]

Property 9. [P]" = (A(ATA)"1AT)T = A((ATA)~"1)T AT — A((ATA)T)~1AT =
A(ATA)71AT = [P
Claim. P is a projection iff P> = P and PT = P.
Proof. (for the converse) Assuming P? = P and PT = P.
Consider ¥ = PV + (U — P7).
Take P(7 — P7) = Pi— P25 = 0.
Hence ¥ — Pv € N(P) = C(P)T and Pv € C(P).
Therefore, P is a projection onto C'(P). O

Given V C R”, there are two ways to obtain projection matrix.
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1. Find an orthogonal basis i, ..., of V. Then P = ¢1q{ + 22 + -+ +
@ q -

2. Find a basis #,...,0, of V, and let A = [v},...,7%] : R¥ — R" with
C(A)=V. Then P = A(ATA)~1AT

Both satisfy the two properties of projection matrix.

3.3.7 The Application of Least Square
Question. What is Data fitting?

Say we have a input quantity ¢t and measured quantity b.
We have guessed the formula relating them without knowing the coefficient ().

Example 3.19. b=C+ Dt
Example 3.20. b= Ce ™ + De™H
Example 3.21. b= Const + Dt?

If we are exactly right about their relation and exactly accurate when we do
measurement =—> two measurement would determine C, D.

However, in reality, it is hoping too much and there must be error.

Want: Find the best fitted coefficient to minimize error.

Example 3.22. Assuming you are a money manager:
Say b = price of gasoline, and t = price of crude oil.
Our intuition() may tell us they are related by a linear formula: b = C' + Dt
You try to collect a lot of historical data.
Q: How to find the best fit line to the data set?
Say we have 3 data:

e b=1latt=-1
e b=1latt=1
e b=3 att=2

Then we have the equation:

C+D(-1)=1
C+D(1)=1
C+D(2) =3.

1 -1 c 1
Or in the matriz way: |1 1 { } = |1

1 2 3
REk: More data = bigger matriz
During the data fitting, we will minimize the length of € = b— AZ.
&> =1 = (C+ D(=1))]*+ [1 = (C + D)]* + [3— (C + 2D)]?
From our earlier discussion: we need to solve AT Az = ATb.
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1 -1
1 11 3 2 5
TA — — - AT — .
AA_[—l 1 2] 1 ; —[2 6},14 b_[(i]’

&= (AT A)1ATf = {Zﬂ

Summary: (For fitting a straight line), say b = C +tD.
If we are given (t1,b1),..., (tm,bm) s.t. t1,..., ¢y are distinct.(= N(A) =

{0})

1 tl bl
A= , 5: :
1 tn, b,
_ 1 4 >
1 ... 1 m s
T _ . . _ 7t
A= K3l tm} : |l I:Ziti Zit?]
1 t,
b1 ] s
| .| _ ; 0g
! b: - [Z;tibz}

Ny Im St [C] [ Sb
Equation to Solve: |:Z1, oS tz} [D} = [Zz tub;
If not fitting a straight line: Say b = Ce =" + De~#*, maybe for radioac-
tive material.

by = Ce M1 4 De#h e M ekt by
by = Ce M2 4 De7Ht2 & — |~ M2 g7Ht2 [ } - |
by = Ce= M3 4 DeHts e Ms g hls bs

Rk: We need to linearity in the coefficient, not linearity in ¢ or b.
Rk2: The most difficult part in reality is to guess what is the formula
relating b and t.

3.3.8 *Weighted Least Square

C+D(-1)=1
Back to the least square example:{ C + D(1) =1
C+D(2)=3

What if we weight each data differently:
lélly, = wi[l = (C + D(=1))] + wi[l — (C + D)]* + w3[3 — (C + 2D)]?
How do we think about it?

€1
es| = & € R3: we introduce W : R?> — R? be the invertible matrix
€3
w1 0 0
W = 0 w2 0
0 0 ws

€2, = (We, We)2, R® for usual inner product in R3.
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Formulation: If we have W invertible m x m matrix.

We can look at &= AZ — b, but consider H _’H = (We,Wé).

4 is a minimizer iff We'= WAZ — Wb = A% — b attains minimum for usual
inner product.

That means we are solving for the equation: AT A¢ = AThor ATWTW Az =
ATWTb.

We introduce an extended inner product on R™: (z,y), = (Wzx, Wy) =
2TWTWy.

It also satisfies:

Yw = Y%y
L, Y)y = (T, Y)y,

1.

(z,
2. (ex
3. (z1+22,9), = (T1,9) + (2,0),,

4. (x,z), > 0 and equal zero iff z =0

We can repeat the abstract theory: V +V» = R"™ and define the projection
P :R™ — V using this decomposition.
The relation with matrix is different.

Example 3.23. (Az,y),, # <J:,ATy>w

3.4 Orthogonal Bases and Gram-Schmidt

3.4.1 Review

Recall: What we learn about orthogonality.

Definition 3.11. q1,...,qx are said to be orthogonal if (¢;,q;) =0 fori # j.
q1,---,qk are said to be orthonormal if we further have ||¢;|| = 1 for all i.

Definition 3.12. If a basis q1,...,qr for V is orthogonal (resp. orthonor-
mal), we call it a orthogonal basis(resp. orthonormal basis).

3.4.2 Orthogonal Matrix
Definition 3.13. An n x n matriz Q is said to be orthogonal if QTQ = I,,.
Attention: The matrix is called orthogonal not orthonormal by tradition.

cos —sinf

Example 3.24. Q = {Sine cos 0

}, a rotation matrix, or Ll) _OJ , a reflec-

tion matrix.

The orthogonal matrix has the following properties. Let @ be an n X n
orthogonal matrix.

Property 10. Q7! = Q7 and hence QQT =
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Proof. QTQ =1= n=rk(I,) <7k(Q) = r7k(Q) = n => Q invertible.
Then QTQ =1=QTQQ '=Q ' = QT =Q .
And then, I, = Q"Q = Q7'Q = QQ ™' = QQ". =

Property 11. Its columns q1,...,q, are orthonormal basis for R"

Proof. (cont’d(continued)) Write @ = [q1, .. ., ¢n):
rk(Q) =n <> qi,...,qn a basis for R"

T
qi
(say n=3): QT = @ |,
T
a3
qi - (q,q) (0,92) (01,93
QTQ = qu a ¢ g|=|{geqa) (¢ ) (g )], whichholds
a3 o (g3, q1) (g3:42) (g3, q3)
for any n X n matrix.
QTQ=1<+—q,...,q, orthonormal. O

Rk: Q7 is also orthogonal if @ is. Then we also have the transpose of rows
of () forms a orthonormal basis for R™, whichi is not obvioous from definition.

1 /\/g 1 /\/5 1 /\/g
Example 3.25. Q = |1/v3 0 —2/\6| is an orthogonal matriz.
1 /\/g 1 /\/5 1 /\/g

Tip: This matrix and its variants are very common when you work on
previous semesters final exam papers.

3.4.3 NOT Square @

What if @) is NOT square:
If Q is m x n matrix with orthonormal columns <= Q7Q = I,,.
n=rk(l,) <rk(Q) <m=n<m.
Q= [q,---,qn, with orthonormal column.
q1,---,qn is an orthonormal basis for C(Q).
In the Normal Equation & = QTQ% = QTb
Projection onto C(Q): P =Q(QTQ)'QT = QQT # 1

q? T <ql7f>
(sayn = 3): PT¥ = QQTf = [Q1,QQ7Q3] (JQT To| = [(J1,Q27Q3] (q2, %) | =
qg T3 <q3,:17>

(q1, %) g1 + (g2, ) g2 + (g3, T) g3
We have Lg : R” — R™ be the associated linear transformation:

Property 12. Q7Q = I,, iff ||QZ| = ||Z|| for all ¥ € R™
Proof. =): Q&> = #7QTQ# = &% = |7|” = Q7| = ||

—): if |Q|* = ||Z|? for all Z = FTQTQT = 777 — FT(QTQ — 1) =
0= Let C = QTQ — I, then Z7C% = 0 for all ¥ € R" with some symmetric
n X n matrix C.
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Input & = @ + i for any w, 7 € R", we have (@ + )T C(@ + =0

@7 Cw + g Cy+ wT Cy+ §7Cw =0

+ gTCw is a 1 x 1 matrix and C is symmetric, 47 Cw = (57 Cw)T =
Wt Oy = w'Cy

We also have w7 Cw = 47 Cyf = 0.

Thus, 207 Cy = 0 = W' Cy = 0 for all @, € R"

Trick: choose W = e;, § = e;, we will have 0 = eiTCej = Cjj

We have C =0 = QTQ =1

3.4.4 Gram-Schmidt Process

Q: Given a subspace V C R™, how to find an orthonormal basis?
Example 3.26. dim(V) =1: take v € V s.t. V = Span{v}
then g1 = = is the basis.

[

Example 3.27. dim(V) = 2: take vi,v2 a basis for V

2. Let g3 = va — (v2,q1) q1, and we have Gz # 0

g2
2]

Let g2 = 3

Example 3.28. dim(V) = 3: take vy, va,v3 a basis for V
1. Let q1 = m

2. Let Go = vy — <’l)2,(]1> q1, 42 = ||Z:z|‘

8. Let g3 = v — ((v3,q1) q1 + (v3,q2) q2), where (vs,q1) q1 + (vs,q2) g2 is the

43
3l

projection onto Span{qi, g2}, q3 = I

1 1
Example 3.29. The Ezample of Gram-Schmidt Process v1 = |0], vo = |0],
1 0
2
V3 = 1
0
- 1
1 1 7 1/
(h:% 0]; ¢ =v2—(v2,q1)q1 = |0 *% (1) =10
1 0: ﬁ - 1/2
1/2 1/\/5
Il = 5, a2=v2| 0 | =] 0
i) [l
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3 =v3 — (v3,q1) 1 — (v3,q2) @2
2] 21 (&N [0 2] [ Yvz 1/va
= [1| - < 11,10 > (N < 1], 0 > 0
0] 0 % % 0 -1z -1z
2 1 1 0 ) 0
= — _ — cge — 3
==Y O =119 =qar=|!
0] 1 —1] 0 0
[t/vz vz 0
Q=g q,a0]=| 0 0 1, satisfying Q"Q =1
_1/\/5 — 1/\/5 0
In general: Say we have vq,...,v, basis for VC R"”
Suppose we have already found the first j orthogonal vectors ¢i,...,q; s.t.

Span{q,...,q;} = Span{vi, ..., v;}.

Take Gj1 = vjt1 — ((Uj1,q1) 1 + - - + (Vj41,45) ¢;), where (vj1,q1) ¢ +
-+ (vj41,¢;) ¢; is the projection onto Span{qi,...,q;}.

Take gj41 = mqjﬂ

Then Span{qi,...,qj+1} = Span{vi,...,vj41}, with ¢1,...,¢gj+1 orthogo-
nal.

3.4.5 The QR Decomposition

What if we compute the transition matrix from the basis v]s to the orthonormal
basis ¢;s?

Say n =3(m > 3): vi = (v1,q1) @1

vo = (v2,q1) q1 + (2, q2) @2

v3 = (v3,q1) q1 + (3, q2) @2 + (v3,G3) @3

Fact: With an orthonormal basis g1, ..., q,, any vector v is written as v =
(v, q1) 1 + -+ (v, qn) 4n

(. P(v) = v for v € Span{q1,...,qn})

Using the theory of transition matrix:

[v1,v2,v3] = [q1, g2, q3]qilid]ve

(vi,q1)  (va,q1) (v3,q1)

[v1,v2,v3] = [q1, 92, 3] 0 (v2,q2) (v3,q2)
0 0 (vs,q3)
(vi,q1)  (v2,q1) (v3,qu)
A= [v1,v9,v3], Q = [q1,q2,q3], R= 0 (v2,q2)  (vs,q2)
0 0 (vs,q3)

Q, an m x n matrix, satisfies that Q7Q =1
R is upper triangular invertible matrix.
This is called the QR decomposition for the matrix A.

Theorem 3.2. Any m x n matriz A = [vq,...,v,] with linear independent
columns can be written as A = QR ,with Q = [q1,...,qn] m X n matriz with
QTQ = I, R upper triangular n x n invertible matriz.
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Example 3.30. In The Example of Gram-Schmidt Processour previous exam-
ple:

11 2 vz 1z 0
[v1,v2,v3] = |0 0 1}, [q1,q2,93] = | O 0 1
1 0 O 0

1/\/5 71/\/5

(vi,q1) (v2,q1) (v3,q1) V2 vz /2
R=| 0 (va,q2) (v3,q2)| = | 0 1/vz2 V2
0 0 (v3,q3) 0 0 1
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Chapter 4

Determinants

4.1 Introduction

Determinant is a very important conception in the linear algebra. In the
future, it can help you with several things listed as below.

1. Observe whether a matrix is invertible.

2. Find the inverse of the matrix with the help of cofactor matrix and the
determinant.

3. Find the solution of Ax = b by the determinant and the cofactor matrix.

4. Find the eigenvalue of a matrix.

5. Examine a matrix to be positive definite or not.
The application of the determinant is so important that we have to have a
deeper understanding on it.
In this chapter, we will give you the algebraic definition of determinant first,
after that, we can tell you more about what is the meaning of the determinant
especially when it is zero. There is one very important thing which is the
geometric view of determinant, from my opinion, it can help you
understanding the whole conception more easily.

4.2 Three Basic Algebraic Definition of Deter-
minant

To learn determinant, I hope you can watch it as a mathematical operation
first, which will follow certain rules, and the target of the operation is matrices
when the output of the operation are numbers.

Now we are going to introduce the three basic rule of the determinant as a
algebraic operation.

4.2.1 Normalization
det(I) =1 (4.1)

71
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4.2.2 Alternating

Example 4.1. det [1]
Example 4.2. det [
Example 4.3. det

72

(4.2)

|

—vg—
—v1—
—vg—

—det {
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1 4 8 7 5

Example 4.4. det

Example 4.5. det

4.2.3 Multi-Linearity
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16 79 7 2 41 3 5 -1 2 7
36 9 29 16 79 7 1 6 7
Example4.9.det |3 7 8 1 6 =det|3 7 8 1 6|+det| 3 7 8
2 6 8 9 5 2 6 8 9 5 2 6 8
1 4 8 7 5 1 4 8 7 5 1 4 8
The Second Part
—cv1— —vp—
det | 27 | =exdet |27 (4.4)
—VU3— —VUs3—
[2 12 14 1 6 7
Example 4.10. det [3 6 9| =2xdet |3 6 9
3 7 8 3 7 8
[3 18 21 27 1 6 79
3 6 9 2 3 6 9 2
Example 4.11. det 3 7 8 1 = 3 x det 3 7 8 1
2 6 8 9 2 6 8 9
[4 24 28 36 28 16 79 7
3 6 9 2 9 3 6 9 2 9
Example 4.12. det [3 7 8 1 6| =4xdet|3 7 8 1 6
2 6 8 9 5 2 6 8 9 5
1 4 8 7 5 1 4 8 7 5

4.3 Property Derived from Three Basic Defini-
tion

From the Previous three basic definition of the operation called the determinant,
we can derive more useful properties from it, we will give the prove of them based
on the four equations in section two.

4.3.1 When Having Two Same Rows

—v1—

det |" 7| =0 (4.5)

—U3—

Proof. We have the formula 4.2.2 |

O = OO

Tt Ot Oy N N
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So we find that
v —
det |17
—vg—

= —det

CHAPTER 4. DETERMINANTS

o
—v1—
—v3—

Which you can think that you change the first two rows.
However if we just look at the structure of both sides of the equation, we

will find that

—vp— —vp—
v — oy —
det 1 = det !
—v3— —v3—
So what we have now is
—vp— —vp—
v — —v—
det = —det
—v3— —v3—
—vp— —v—
—v— —v—
det = det
—v3— —v3—

If you add two equations up, then you will have

—v—
2xdet | 1T =0
—v3—
Which is
—v—
det | 77| =0
—vg—
O
(1 6 7
Example 4.13. det [1 6 7| =0
3 7 8
(1 6 7 9
16 7 9
Example 4.14. det 3 7 8 1 =0
2 6 8 9
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16 79 7

16 79 7
Example 4.15. det |3 7 8 1 6| =0

2 6 8 9 5

1 4 8 75

4.3.2 When Having One Row to be Zero

det U2
—vg—

Actually, based on the three fundamental definition, we can prove this
conclusion in several ways, here I will simply offer two of them.

Proof. 1 we have the formula 4.2.3

det

=det

—Ug—

=det + det

So we proved that

det U2 =0
—ug—

Proof. 2
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We have the formula 4.2.3

0
det V2T
—uy—
[ex 0]
—det |27
—vy—
0
—cxdet |27
—ug—
So we proved that
0
det 2T =0
—vg—
O
[0 0 0
Example 4.16. det |3 6 9| =0
3 7 8
[0 0 0 0
3 6 9 2
Example 4.17. det 3 7 8 1 =0
2 6 8 9
[0 0 0 0 O
3 6 9 2 9
Example 4.18. det |3 7 8 1 6| =0
2 6 8 9 5
11 4 8 7 5
4.3.3 When Two Rows Have Common Parts
—V1 + ¢ X vg— —V1—
det T =det | 27 (4.7
—UV3— —VU3—

Proof. We will make a short cut here by using the extra property which we
have proved in the final step.
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We have the formula 4.2.3 and the formula 4.2.3

_—’U1+C><’UQ—
det 2T
—vg—
_—1}1 =] —C X Ug—_
=det 2T + det 2
—vg— —v3—
S o
—det | 27 + ¢ x det 2
—vg— —v3—
We also have the formula 4.3.1
So we know that
—g—
exdet | 27| =0
—v3—
Then we proved that
—V1 + ¢ X vg— —V1—
det 2T —det |27
—3— —v3—
(1 6 7 -2 0 -2
Example 4.19. det |3 6 9| =det |3 6 9
3 7 8 3 7 8
(1 6 7 9 -2 0 -2 7
3 6 9 2 3 6 9 2
Example 4.20. det 3 7 8 1 = det 3 7 8 1
2 6 8 9 2 6 8 9
(1 6 7 9 7 -2 0 -2
36 9 2 9 3 6 9
Example 4.21. det |3 7 8 1 6| =—det| 3 7 8
2 6 8 9 5 2 6 8
1 4 8 75 1 4 8

- © =~

(23N} Se) BN}

7
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4.4 Row Operation and Determinant
4.4.1 Three Types of Elementary Matrix and Determi-
nant

The most important thing in this subsection is to identify that all
the elementary matrix has one characteristic in common that
left-product of such matrix obeys the associative law.

Type 1

The Type one in the row operation we learnt in the Gaussian elimination is
known as the permutation matrix.

Conclusion 4.4.1.0.1. det [p] =-1

Proof. From the Alternating principle of the determinant which is the formula
4.2.2, we will have

—v— —vg—
—vy— —v—
det = —det
—vg— —v3—

And according to the Normalization principle of the determinant which is the
formula 4.2.1, we will have
det(I) =1

So
det [p]
= —det [1]
-1

Conclusion 4.4.1.0.2. det ([p] x [A]) = det [p] x det [4]

Proof. We have the formula 4.2.2, which is

v — —g—
—o— oy —

det 2 = —det !
—v3— —v3—

Let’s think about the row operation in the Gaussian elimination, which is

—V2— 0 1 0 —U1—
—UV1—| _ 1 0 0 S —V2—
—U3— |0 0 1 —U3—
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0 1 0
If we set the matrix é 0 1 | to be the permutation matrix [p]

Then we can take a look at the formula 4.2.2; the formula can be changed
into

_—’U1 = —U1—
—vp—| _ Vy—
det | T det ([p] x o )
T
If we set the matrix _22_ to be the matrix [A} , Then the formula will
—v3—

continue to change to be
det [A] = —det ([p] x [A])

If we take a look at the determinant of the permutation matrix [p}
Luckily we find that

det [A] = —(det [p] x det [A])

We already have det [A] = —det ([p] x [A]).

So we proved that for the permutation matrix [p] and the random square

matrix [A]7 we will have det([p} X [A]) = det [p} x det [A] O
0 1 0 01 0 1 6 7
Example 4.22. det [1 0 0| = —1 and det(|1 0 0| x |3 6 9|) =
0 0 1 0 0 1 3 7 8
0 1 0 1 6 7
det [1 0 0| xdet |3 6 9
0 0 1 3 7 8
01 0 O 01 0 0 1 6 7
1 0 0 0 1 0 0 0 3 6 9
Example 4.23. det 00 1 0 = —1 and det ( 00 1 0l *ls 7 s
0 0 0 1 0 0 0 1 2 6 8
01 0 0 1 6 7 9
1 0 0 O 3 6 9 2
detly o 1 of ¥ 3 7 8 1
0 0 0 1 2 6 8 9

© = N O
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01 0 0 O 01 0 0 O 1
1 0 0 0 O 1 0 0 0O 3

Example4.24. det [0 0 1 0 O =—1landdet({0 0 1 0 O] x (3
00 0 1 0 00 0 1 0 2
0 0 0 01 00 0 0 1 1

01 0 0 O 1 6 7 9 7

10 0 0 O 36 9 2 9

det |O 0 1 0 Of xdet|3 7 8 1 6

0 0010 2 6 8 9 5

00 0 0 1 1 4 8 7 5

Type I1

The Type II elementary matrix is a diagonal matrix with one diagonal entry
not equals to zero and one when the rest of which are all one, which we will
call it Fy for convenient in this part.

Conclusion 4.4.1.0.3.

—
o
o
o

0 1 0 0
det 0o o0 1 .. 0 .. .
0 0 O c

Proof. We have the Normalization principle of the determinant, which is formula
4.2.1, So we have det [I] = 1.

Also we have the second part of the Multi-Linearity principle of the deter-
minant, which is the formula 4.2.3, so we have

—CU1— —vV1—
det IR - ¢ x det 2T
—vg— —vg—
Then, we have
det [Eg]

=c x det [I]

=cx1

=c

Conclusion 4.4.1.0.4. det ([Ez] x [A]) = det [E2] x det [A]

=~ O o O

0 0 00 ©

O = N O

UL Ut Y ©
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Proof. We have the formula 4.2.3, which is

—vy— —v—
—vg— —vg—
—U3— U3
det = ¢ x det
—C X V;— —V;—

Let’s think about the row operation in the Gaussian elimination, which is

—U1— 1 0 0 0 —U1—
—VUg— 0 1 0 0 —VUg—
—v3— _ o 0 1 .. 0 .. o |7V
—c X v;j— 0O 0 O c —V;—
1 0 0 0
0 1 0 0
. l0 0 1 .. 0 ..
If we set the matrix to be the type II elementary
0 0 O c

matrix [Eg]
Then we can take a look at the formula 4.2.3, the formula can be changed
into

. -
g -
det ([Eo] x | %7 |)=cxdet | %7
. v

.

-

If we set the matrix | 2> | to be the matrix [A} , Then the formula will

v
continue to change to be
det([Eg] X [A]) =c x det [A]

If we take a look at the determinant of the type II matrix I:EQ}
Luckily we find that

det [EQ] x det [A] = ¢ % det [A]
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We already have det ([Ez] x [A]) = ¢ x det [A].
So we proved that for the type II elementary matrix [Eg] and the random

square matrix [A}7 we will have det ( [Eg] X [A]) = det [Eg] x det [A] O
2 0 0 2 0 0 1 6 7 2
Example 4.25. det [0 1 0| =2anddet(|0 1 0| x [3 6 9|)=det |0
0 0 1 0 0 1 3 7 8 0
1 6 7
det [3 6 9
3 7 8
1 0 00 1 0 0 0 1 6 7
0 -3 0 0 0 -3 0 O 3 6 9
Example 4.26. det 0 0 1 0 = —3 and det ( 0 0 1 0 X 3 7 8
0 0 0 1 0 0 0 1 2 6 8
1 0 00 1 6 79
0 -3 0 O 3 6 9 2
detlo o 1 of ¥t 3 7 g 1
0 0 0 1 2 6 8 9
10 0 0 O 10 0 0 O 1 6
01 0 00 01 000 3 6
Example 4.27. det [0 0 5 0 0| =—-3anddet({0 0 5 0 O x |3 7
0 0 0 1 0 00 0 1 0 2 6
0 00 01 0 00 01 1 4
1 0 0 00 16 79 7
01 000 36 9 2 9
det [0 0 5 0 Of xdet |3 7 8 1 6
00 0 1 0 2 6 8 9 5
0 0 0 0 1 1 4 8 7 5
Type 111

The Type III elementary matrix is very similar to the identity matrix when
one off diagonal entry is not zero, which we will call it E3 for convenience in
this part.

—_
o
o
o
o

0 1 0 0 0
Conclusion 4.4.1.0.5. det [0 0 1 = 0 = 0 by
0 0 0 cij 1

Proof. We have the Normalization principle of the determinant, which is formula
4.2.1, So we have det [I] =1.

S = O

O© = N O

0 0 00 ©

= o O

O = N O

2 B B EENaIEN |
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Also we have the second part of the Multi-Linearity principle of the deter-
minant, which is the formula 4.2.3, so we have

—CU1— —vV1—
—Ug— )
det 2 = ¢ x det 2

What’s more we also have the first part of Multi-Linearity principle of the
determinant, which is the formula 4.2.3, so we have

—v1 + vll— —U1— —v/l—
det U2 =det |27 +det | 2T
—U3— —U3— —vU3—
Then, we have
det [Eg]
=det [/]
=1
O
Conclusion 4.4.1.0.6. det ([Es] x [A]) = det [E3] x det [A]
Proof. We have the formula 4.2.3, which is
—v1 + vll— —U1— —1/1—
det U2 =det | 27 +det |27
—V3— —U3— —U3—

Let’s think about the row operation in the Gaussian elimination, which is

v — v —

—vg— 1 0 0 0 0 —vy—

—VU3— 0 1 0 0 0 —VU3—
0 0 1 0 0

= ><
—Uj— —Uj—
0 0 O cij .. 1 ..

—V; +’Uj7 —V;i—
1 0 0 0 0
0 1 0 0 0

If we set the matrix 0 Lo 0 0 to be the type III

0 0 0 Cij 1

elementary matrix [Eg]
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Then we can take a look at the formula 4.2.3, the formula can be changed

into

det ([Es] x

If we set the matrix

—v1—
—Vg—
—vg3—

continue to change to be

—v1—
—Vg—
—v3—

) = det

det ([B5] x [A]) = det [4]

—v1—
— Uy —
—vg3—

If we take a look at the determinant of the type III matrix [Eg]

Luckily we find that

det [E3] x det [A] = det [A]

We already have det ([E3] x [A]) = det [A].
So we proved that for the type III elementary matrix [Eg} and the random

square matrix [A], we will have det ([E3] x [A]) = det [E3] x det [A]

1 0 0 1 0 O
Example 4.28. det [2 1 0| =1landdet(|2 1 0
0 0 1 0 0 1
1 6 7
det |13 6 9
3 7 8
1 0 0 O 1
0O 1 0 0 0
Example 4.29. det 0 -1 1 0 =1 and det ( 0
0O 0 0 1 0
1 0 0 0 1 6 7 9
0 1 0 0 3 6 9 2
det 1o 1 1 o] X3 7 g
0 0 0 1 2 6 8 9

X

W W =

O = OO

~N OO

= O O O

N W W

[S200N B o> B}

O

o 0 ©

to be the matrix [A] , Then the formula will
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100 00 100 00 1 6

01 00O 01 00O 3 6

Example 4.30. det [0 0 1 0 Of =1anddet({0 0 1 0 O] x (3 7

009 10 00 9 10 2 6

0 00 01 00001 1 4
10 0 00 16 797
01 00O 36 9 2 9
det |0 0 1 0 Of xdet|3 7 8 1 6
00 910 2 6 8 9 5
0 00 01 1 4 8 75

4.4.2 Elementary Matrix

This subsection is mainly a conclusion of the previous subsection, because we
want to see what all the elementary matrix has in common.

For all three types of elementary matrix, we all have
det ([E] x [A]) = det [E] x det [A]
When [E] is elementary matrix and [A] is the random square ma-

trix That means all the elementary matrix has one characteristic in
common that left-product of such matrix obeys the associative law.

=2 I e R

=N W W

001 00 0 01 00 1
01 0 00 01 000 3

Example4.31.det [1 0 0 0 O =—1landdet({1 0 0 0O O] x |3
00 010 00010 2
0 00 01 0 00 01 1

0 01 00 16 79 7

010 00 3 6 9 2 9

det |1 0 0 0 Of xdet|3 7 8 1 6

000 10 2 6 8 9 5

0 00 01 1 4 8 75
100 0 O 100 0 O
010 0 O 010 0 O

Example 4.32. det [0 0 1 0 0| =-3anddet({0 0 1 0 0| x
000 =20 000 =20
00 0 0 1 000 0 1

100 0 O 16 79 7

010 0 O 36 9 2 9

det |0 0 1 0 Ofxdet|3 7 8 1 6

000 =20 2 6 8 9 5

000 0 1 1 4 8 75

co GO 00 ©
EN NI U liNe)
(G BN} N epINRE N

0 0 00 ©
N O~ N O
Tt Oy ©

= oY o O
0 00 00 © I
N O~ N O
Crt Ot O ©
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=1 and det (

o O = O
o O = O

1
0
Example 4.33. det |0
0
0

OO = OO
_o o oo
[l ool
OO = OO
O = O OO
_ o o oo

X
— N W W
= o 1O O
o 00 00 ©
N O = N O
(SN, B NeNEN|

N2

Il

—4

] x det

4.4.3 Back Substitution Matrix

det

coo o~
oo~ o

coroo

o ocoo

BN @ oo

0
0
0
0
1

— N W W
o 00 00 ©
=R e
Tt Ot Oy ©

—4

When we look back at the Gaussian elimination, we can actually split it into
two sub steps listed as below.

1. Left multiplied by elementary matrix to turn it into reduced row echelon
form.

2. Left multiplied by upper triangular matrix, to turn the reduced row
echelon form into diagonal matrix, through the step called the back
substitution matrix.

From the previous discovery, we now know the determinant of all the
elementary matrix, but we didn’t spend our time on the back substitution
matrix.

In this subsection we will find the secret of the back substitution matrix, and
you will find it is very similar to type III elementary matrix.

1
0

— O
o O
o O
o O

Definition 4.1. The back substitution matriz is matriz in form of 0

and I will take the sign of S wo represent the back substitution matriz.

—_
o
o
o
o

0 1 0 0 0
Conclusion 4.4.3.0.1. det 00 1 o 0 0 =1
0 0 O 1 Cij

Proof. We have the Normalization principle of the determinant, which is formula
4.2.1, So we have det [I] =1.
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Also we have the second part of the Multi-Linearity principle of the deter-
minant, which is the formula 4.2.3, so we have

—CU1— —vV1—

—Ug— )
det 2 = ¢ x det 2

—vg— —vg—

What’s more we also have the first part of Multi-Linearity principle of the
determinant, which is the formula 4.2.3, so we have

—v1 + vll— —U1— —1/1—
det U2 =det |27 +det | 2T
—U3— —U3— —vU3—
Then, we have
det [S]
=det [1]
=1
O
Conclusion 4.4.3.0.2. det ([S] x [A]) = det [S] x det [4]
Proof. We have the formula 4.2.3, which is
—v1 + vll— —U1— —1/1—
det U2 =det | 27 +det |27
—V3— —U3— —U3—

Let’s think about the row operation in the Gaussian elimination, which is

v — v —
— Uy — 1 0 0 .. O 0 —Vg—
—VU3— 0 1 0 0 0 —VU3—
0 0 1 0 0
P— ><
—V; +Uj— —V;i—
0 0 O 1 Cij
7’Uj7 71}]‘7
1 0 O 0 0
0 1 0 0 0
If we set the matrix 00 1 o 0 0 to be the back sub-
0 0 O 1 Cij

stitution matrix [S ]
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Then we can take a look at the formula 4.2.3, the formula can be changed

into

det ([S] x

If we set the matrix

—v1—
—Vg—
—vg3—

—v;—

continue to change to be

If we take a look at the determinant of the back substitution matrix [S]

Luckily we find that

—v1—
—Vg—
—v3—

—v;—

) = det

—v1—
—Vg—
—v3—

—v;—

to be the matrix [A] , Then the formula will

det ([S] x [A]) = det [A]

det [S] x det [A] = det [4]

We already have det ([S] x [A]) = det [4].
So we proved that for the back substitution matrix [S} and the random
square matrix [A}, we will have det ([S] X [A] = det [S] x det [A]

1
Example 4.34. det |0
0
1 6 7
det |13 6 9
3 7 8
1
0
Example 4.35. det 0
0
10 0 O
01 -1 0
det 00 1 0 x de
00 0 1

)
1
0] =1anddet (|0
0

2 0
1
0 1
0 0 O
(1) _11 8 =1 and det (
0 0 1
1 6 7 9
" 3 6 9 2
3 7 8 1
2 6 8 9

2 0
1 0f x
0 1

OO O

SO = O

1
3
3

~N OO

= O O O

N W W

[S200N B o> B}

O

o 0 ©
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10 0 0 O 10 0 0 O 16 7 9 7
01 0 0O 01 0 0O 36 9 2 9
Example 4.36. det [0 0 1 9 0| =1anddet(|0 0 1 9 0| x |3 7 8 1 6|)=
0 0010 0 0010 2 6 8 9 5
0 00 01 0 00 01 1 4 8 7 5
10 0 0 0 16 7 9 7
01 0 00 36 9 2 9
det [0 0 1 9 Of xdet|3 7 8 1 6
000 1O 2 6 8 9 5
0 0 0 01 1 4 8 7 5

4.4.4 All the Matrix Representing Row Operation

We know, all the greater row operation can be split into row operations that
simply happening between two rows or the simple change inside one row itself.
And the elementary matrix with the back substitution matrix have already
contained every situation of the slight row operation.

The bigger row operation can be seen as constructed by the simpler ones.
Algebraically speaking, we can represent the more complex row operation by
the product of the elementary matrix with the back substitution matrix.

Let’s see whether the left-product of such matrix obeys the associative law.
The answer is Yes.

Conclusion 4.4.4.0.1. If the matrix [B] is the product of elementary matrix
and the back substitution matriz, and [A] s a random square matriz.

det ([B] x [A]) = det [B] x det [4]

Proof. We know the matrix [B] is the product of elementary matrices and back
substitution matrix.

If we generate the elementary matrix to one particular kind of matrix called
the fundamental matrix, with sign [F ]

Then we can split the matrix [B]7 which is

[B] = [F], x [F]yy x o x [F]

g X o x [F]

2 1

Then we need to use the property of associative law for the fundamental matrices
multiplied at the left side.
Then we can find that
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O

What we now know is for any matrix that is the product of the ele-
mentary matrices and back substitution matrix obeys the associative
law when was multiplied left.

5 1 7 1 6 7 5 1 7 1 6
Example 4.37. det (|1 2 4| x [3 6 9|)=det |1 2 4|xdet|3 6
3 2 1 3 7 8 3 2 1 3 7

5 1 7 8 1 6 7 9 5 1 7 8
1 2 4 7 3 6 9 2 1 2 4 7
Example4.38.det(3216x3781):det3216><
1 5 4 3 2 6 8 9 1 5 4 3
1 6 7 9
3 6 9 2
det 13 7 8 1
2 6 8 9
5 1 7 8 6 1 6 7 9 7 5 1 7
1 2 4 77 3 6 9 2 9 1 2 4
Example 4.39. det (|3 2 1 6 5| x (3 7 8 1 6|)=det|3 2 1
1 5 4 3 4 2 6 8 9 5 1 5 4
1 1 5 6 4 1 4 8 7 5 1 1 5
1 6 79 7
3 6 9 2 9
det |13 7 8 1 6
2 6 8 9 5
1 4 8 7 5

4.5 The Associative Law and Determinant 1

4.5.1 When Multiplied at the Left Side
Fundamental Matrix

Definition 4.2. The Fundamental matriz is a conception that created by myself
for convenience in this part, which is the product of the elementary matriz and
the back substitution matriz.

This part is the brief review of the previous knowledge.
We now know that for any fundamental matrix [B} multiplied by the left of a
random square matrix [A],

det ([B] x [A]) = det [B] x det [A]

We will find the left side of the product follow the associative law.

o ©

DD W O

= Ot O
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The conclusion here is that the determinant of the fundamental ma-
trix follows the associative law when multiplied by the left of a random
square matrix.

Square Matrix

Conclusion 4.5.1.0.1. For any square matrix [S] and random square matrix
[A] we all have

det ([S] x [A]) = det [S] x det [4]

Proof. Hint: LDU decomposition

The basic calculation of the determinant have close relationship with the
Gaussian elimination, so we can always take our eyes on it. But we have to set
two cases here by whether the matrix [S} is invertible.

Condition 4.5.1.0.1 (When the matrix [S] is invertible). From the previous
study in the chapter one, we will find that there are totally Two steps of
Gaussian elimination to complete the LDU decomposition, when the invertible
matriz must can be decomposited.

1. Using the elementary matrix to do the row operation until we got the
Upper Triangular Matriz.

2. Using the diagonal matrixz to change the upper triangular matrixz to the
Reduced Row Echelon Form.

3.using the back substitution matrixz to do the back substitution step until we
get the Diagonal Matrix
So when we change the matrix [S] to the upper triangular matriz [U]
We have to multiply several elementary matrix by the left side of the matriz [S]
That is

[Ex] % [Er—1] x ... x [B2] [E1] x [S] = [U]
We know that the elementary matrices are all invertible.

So

[S] = ([Br] x [Ex-1] % ... x [E2] [E1])™! x [U]
When we change the upper triangular matriz [ﬁ] to the reduced row echelon
form [R]

We will have to left multiply the upper triangular matriz
That is

[D1] x [0] = [R]
We know that the diagonal matriz must be invertible, so we have
[0] = ([Da])~" x [R]

Now we come to the final step, left multiply the back substitution matrices
[BS] on the reduced row echelon form, changing it to an identity matriz.
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Caution 1. In the former sections, I used the symbol [S} to represent the
back substitution matrixz, but considering we have used the same symbol here to
represent the square matriz here, so we change the symbol of back substitution
matrix to be [BS] in this subsection.

That is
[BS,] % [BSi1] % ... x [BSy] [BS:] x [R] = [1]

And similarly we know the back substitution matrices are all invertible, so we
have

[R] = ([BSk] x [BSk—1] x ... x [BS2] [BS1])™" x [[]

To have a short conclusion here, what now we have are
(5| = ([B]  [Bicr] x o x [B] [B1])2 < [0]
7] = (o]t 2]
(R = ([BSi] x [BSi 1] <. x [BSo] [BS:]) 7 < [1]
So we have
[S] = ([Ex] X [Ex_1] x..x [E2] [E]) " x([D1]) " < ([BSk] x [BSk_1] x...x [BSs] [BS1])

So we found that when the square matrix [S] is invertible, it can must
be decomposited to be the product of several fundemantal matriz, we
know that the determinant of the fundamental matrixz follows the
associative law when multiplied by the left of a random square
matrix, so here we proved that when the square matriz [S] s
invertible, the determinant of the matrix follows the associative law
when multiplied by the left of a random square matriz. In the
algebraic way, it is just For any square matrix [S] (but it should be invertible)
and random square matric [A] we all have

det ([S] x [A]) = det [S] x det [4]

Condition 4.5.1.0.2 (When the matrix [S] is not invertible). This time we
have to use the knowledge on the not invertible matrices. Now let’s take our
look back on the equation we want to prove:

det ([S] x [A]) = det [S] x det [4]

When the matriz [S] is mot invertible, according to the former knowledge
which I will not going to prove here, we have the matriz [S] X [A] is also not
invertible.

Here we try to find what will the determinant be if the matrixz itself
is not invertible.

We set a not invertible matrixz [V], now we will do the Gaussian elimination
on it.
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We know that when the matrixz is not invertible, it can not be LDU
decomposited. But we will use the same steps as the first condition did to
decomposite the matriz [V}

The first step is to change the matriz [V] to the upper triangular matriz [Tﬂ
We have to multiply several elementary matrix by the left side of the matriz
V]

That is

[Ei] % [Br-1] x ... x [Ba] [B1] x [V] = [U]

We know that the elementary matrices are all invertible.

So
(V] = ([Bk] x [Ex—1] x ... x [E2] [E1]) ™ x [U]

But here, because The matriz [(ﬂ is mot invertible, so we can’t use a diagonal
matriz to change it into the reduced row echelon form with full pivots.

So I consider making some change here.

What we already have is

(V] = ([Bk] x [Ex—1] x ... x [E2] [E1]) ™ x [U]

we know that when the elementary matrices are multiplied by the left side of
the square matriz, the determinant follows the associative law, in the
conclusion 4.4.4,

So we have

det [V]
=det (([Ex] x [Br-1] % ... x [Ba] [E1])7" x [0])
—det ([Ex] X [Ex—1] X ... x [Es] [E1] ") x det [07]

Now look at the det [U]

We know there is one way to describe a square matriz when it is not invertible,
which is saying that the rows of the matrix is not linear independent.

Suppose for the matriz [U], the ith row is the construction of the rest of the
TOWS.

We have the Multi-Linearity property for the determinant as the formula 4.2.3,
which is

! !
—v1 + v — —U1— —vy—
—vVg— —vV2— —Vg—

det 2 = det + det 2
—U3— —vV3— —U3—

We also have the corollary 4.3.2, which is

0
—vg—
—v3—

det



94 CHAPTER 4. DETERMINANTS

After this method for several times. we will find

det [U]

—v—
—y—

—det |7
v —
:—v1—:
—vy—

—=det |~

=0 ) ]

Then we will got det U=0.

So
det [V]

=det (([Bx] x [Br-1] x ... x [Eo] [E1])™ x [U])
=det ([Ex] X [Er—1] X ... x [E2] [El]fl) x det [U]
=0

Then we will got the determinant for any invertible square matrix is
zero.
Now we again look at the thing that we are going to prove, which is

det ([S] x [A]) = det [S] x det [4]

When the matriz [S} 1s mot invertible, we will find the matriz [S] X [A] is not
invertible, too.
So now we will have

det ([S] x [A]) = 0 = det [S] x det [A]
O

The most important thing we proved in this chapter is that the
determinant of any square matrix follow the associative law when it
is multiplied on the left of other square matrices

4.5.2 When Multiplied at the right side

This part will be discussed in the next section.
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4.6 Column Operation and Determinant

In the previous sections the case we are analyzing are always multiply the
target matrix on the left when finding for any square matrix the determinant
follow the associative law.

We start that section from the idea of Gaussian elimination, which analyzing
the matrix by multiple times of row operations.

We understand every idea from perspective of row operation, which
limit the "left multiplication" because of the product rule for the
matrix.

We have successfully understand how everything goes in the situation of

det ([S] x [A]) = det [S] x det [A], but something is still missing.

How about finding the relationship between

det ([A] x [S])and det [A] x det [S]

Whether the associative law will still be there when the target
matrix is multiplied on the right side?

Taking a matrix up from the right is just doing the column change
to the original matrix, this characteristic comes from the basic
definition of matrix multiplication.

So in this section, algebraically speaking, we will starting to analyze the
situation like det ([A] x [S]) = det [A] x det [S] , when the matrix [S] is
chosen from elementary matrix, to fundamental matrix, then to any square
matrix. Abstractly speaking, we will start consider the column change
instead of row change.

4.6.1 determinant of the Transposed and the Original

we do can try to estimate the steps we did on the row operation, but please
remember the original three definition on the determinant are fixed,
which has great characteristic of row operation rather than the col-
umn operation.

So here we need a really powerful equation to get some information about
the column operation.

But how to find one?

You must have an idea of doing something on the basic three definition on
the determinant, so we’d better take a good look on it.

Let’s take the Alternating rule as an example

According to the formula 4.2.2, which is

—v1— —Vg—
V2 U1
det = —det
—vg— —vg—
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v — —y—
If we set the matrix | 2 | to be the matrix [A} , when the matrix 217
_ —ug—
vy —
can be gained from the matrix _22_ after the row exchange. If we set the
—vg—

symbol of the permutation matrix here to be [P],
Uy

vy —

—ug—

Then the matrix can be treat as [P] X [A}

Back substitute them into the formula 4.2.2, we will have

det [A] = —det [P] X [A]

This formula shows the direct relationship between the determi-
nant of one particular matrix and the determinant of which after row
exchange

Now the problem to us is as expected, no clue for column exchange.

Hint: Algebraically speaking, column exchange asks the original
matrix to show up at the left side of the multiplication, so try the
transpose

So my conclusion is the determinant of the transpose is very important.

Conclusion 4.6.1.0.1. The matriz [S] 18 any square matrix.
det [S] = det ([S])"

Proof. Hint: The step here is very similar to the one in the proof of
conclusion 4.5.1

Condition 4.6.1.0.1 (When the matrix [S] is invertible). We know in the
previous section when we are proving the square matrices follow the associative
law when taken up from the left, we split the complete version of Gaussian
elimination into three sub-steps.

1. Using the elementary matrixz to do the row operation until we got the
Upper Triangular Matrix.

2. Using the diagonal matrix to change the upper triangular matrix to the
Reduced Row Echelon Form.

3.using the back substitution matrix to do the back substitution step until we
get the Diagonal Matrix
So when we change the matriz [S] to the upper triangular matrix [lﬂ
We have to multiply several elementary matriz by the left side of the matriz [S]
That is

[Bi] % [Br-1] x ... x [E2] x [E1] x [S] = [U]
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We know that the elementary matrices are all invertible.
So

[S] = ([Ex] % [Ex-1] % ... x [E2] x [E1])™" x [U]

When we change the upper triangular matriz [[)’] to the reduced row echelon
form [R]

We will have to left multiply the upper triangular matriz

That is

[D1] x [U] = [B]

We know that the diagonal matrix must be invertible, so we have

[0] = ([D:]) ™" x [R]

Now we come to the final step, left multiply the back substitution matrices
[BS] on the reduced row echelon form, changing it to an identity matriz.

Caution 2. In the former sections, I used the symbol [S] to represent the
back substitution matrixz, but considering we have used the same symbol here to
represent the square matriz here, so we change the symbol of back substitution
matrix to be [BS] in this subsection.

That is
[BSk] % [BSk—1] x ... x [BS2] x [BS1] x [R] = [1]

And similarly we know the back substitution matrices are all invertible, so we
have

[R] = ([BSk] x [BSk-1] x ... x [BS3] x [BS1])™" x [[]

To have a short conclusion here, what now we have are
[S} = ({Ek} X {Ek,l} X oo X [EQ} X {El})_l X [ﬁ}
0] = (o))t < [A]
[R} = ({BSk] X {BSk_l} X o X [BSQ} X {BSl})_l x M
So we have
[S] = ([Bk] % [Br—1]x...x [B2] x [E1]) ™" ([D1]) "% ([BSk] % [BSk-1] x...x [BS2] x [BS1]) "

We don’t have any useful information about what will happen after we take the
transpose of the matriz, but now we can find the result is really clear.

We know that [S] = ([Ex] x [Ex—1] x ... x [Ea] x [Eq])™! x ([D1]) 7! x
([BSk] x [BSk—1] x ... x [BS2] x [BS1])7*,

After we take the transpose on the both sides of the equation.
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It will be like
[ST]

=([EBx] x [Ek 1] X o x [E2] x [E1])7 x ([D1]) 7! x ([BSk] x [BSk 1] X .. x [BSs]
=[([E:])~ <[E2D* x([Ek )T (B ] P ([Du])”

X ([le]) x ([BS2])™" x ... x ([BSk- 1] x ([BSk])™M"
=([BS; )™ ([BS%’ DT ([BSTD T < ([BST]) T < ([DFD

< ([EL D™ > (B D™ > x ([BF ) < ([BF D

We also have the conclusion that the fundamental matriz follows the
associative law in the determinant when taken up from the left.

Also we know that the determinant of the type III elementary matriz and the
back substitution matriz are one from the conclusion 4.4.1 and the conclusion

4.4.8
So now we have
det [ST]
=det (([BSF]) ™! x ([BSI_ )™ <. ([BSQT])‘l ([BST])‘1 ([ofh=
< ([EED) < ([BEL DT < x ([ JD < (BT
—det ([BSF]™") x det ([BSE_,] ") x ... x det ([BSF] ") x det ([BST] ") x det ([DT
x det ([EF] ™) x det ([EF ,]7") x ... xdet([E 7Y x det ([ET] )
—det ([DT]7)
Stmilarly, we also have
det [S}
=det (([Er]) ™" x ([B2]) " x ([Ek )T ([Be]) ™ < ([D)7!
x ([BS1])™" x ([BS2]) ™" x ... x ([BSk— 1] Ux ([BSk])™Y
—det ([E1] ') x det([Ez]*l) X .. x det ([Ex_1] ") x det ([Ex] ") x det ([D1] )
x det ([BS1] ™) x det ([BSs] ") x ... x det ([BSk_1] ") x det ([BSx] ")

—det ([D:1]7)

We know the matrix [Dl] s a diagonal matriz, so we have [Dl] = [Dﬂ So
now we have det [S] = det([Dl]_l) = det ([Dﬂ_l) = det [S7]

So we proved that, when the matrix [S] is invertible we have

det [S] = det [ST]

Condition 4.6.1.0.2 (When the matrix [S] is not invertible). This time we
have to use the knowledge on the not invertible matrices. Now let’s take our
look back on the equation we want to prove:

det ([S] x [A]) = det [S] x det [4]

X [le])—l

)
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When the matriz [S] is not invertible, according to the former knowledge
which I will not going to prove here, we have the matrix [5} X [A] is also not
invertible.

Here we try to find what will the determinant be if the matrix itself
is not invertible.

We set a not invertible matrix [V}, now we will do the Gaussian elimination
on 1t.

We know that when the matrix is not invertible, it can not be LDU
decomposited. But we will use the same steps as the first condition did to
decomposite the matriz [V}

The first step is to change the matriz [V] to the upper triangular matriz [U}
We have to multiply several elementary matrix by the left side of the matriz
V]

That is

[Er] % [Ep—1] x ... x [E2] x [E1] x [V] = [U]
We know that the elementary matrices are all invertible.
So
(V] = ([Bx] % [Br-1] % ... x [E2] x [E1])™' x [U]

But here, because The matriz [Tﬂ is not invertible, so we can’t use a diagonal
matriz to change it into the reduced row echelon form with full pivots.

So I consider making some change here.

What we already have is

(V] = ([Ex] % [Ex-1] % ... x [E2] x [E1])™" x [U]

we know that when the elementary matrices are multiplied by the left side of
the square matrix, the determinant follows the associative law, in the
conclusion 4.4.4,

So we have

det [V]
=det (([Ey] x [Ep_1] x ... x [B2] x [E1]))™" x [0])
=det ([Ex] x [Ep—1] x ... x [Ea] x [El]_l) x det [U]

Now look at the det [U]
We know there is one way to describe a square matriz when it is not invertible,
which is saying that the rows of the matrix is not linear independent.
Suppose for the matriz [U], the ith row is the construction of the rest of the
TOWS.
We have the Multi-Linearity property for the determinant as the formula 4.2.3,
which is , ,
—v1 + v — —v1— —vy—

—Vg— —vg—

=det | 27 + det
—U3— —Us— —U3—

det
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We also have the corollary 4.3.2, which is

After this method for several times. we will find

det [U]
o]
—y—
—det |7
—v—
:—vl—:
—y—
—det |7
=0 ) )

Then we will got det U=0.
So
det [V]

=det (([Ex] x [Er-1] x ... x [Ba2] x [E1])7 x [U])

—det ([Ex] x [Er_1] % .. x [Ea] x [E1] ™) x det [0]

=0
Then we will got the determinant for any invertible square matriz is
zero.

So we know if the matriz [S] s mot invertible, then the matriz [ST] is also
not invertible.

So we know that det [S] =0 =det [ST].

So we proved that, when the matrix [S] is not invertible we have
det [S] = det [ST]

4.6.2 Square Matrix Taken Up from the Right

Conclusion 4.6.2.0.1. When the target square matriz is taken up from the
right we will have the determinant follow the associative law, which is det ([A] X [S} Jand det [A] X
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det [S] when the matriz [S} is the target matriz, and the matriz [A] is a random
matriz.

Proof. We have known the conclusion 4.5.1, which is
det ([S] x [A]) = det [S] x det [4]

So now we also have to use the conclusion in the last subsection conclusion
4.6.1, which is det [S] = det ([S])T
We will have

4.7 The Associative Law and Determinant II

We have already finish the section The Associative Law and Determinant I
before, but it only focus on the the situation when the target matrix is taken
up from the left, so in this section I will make a conclusion on the associative
law in a complete version.

4.7.1 Theorem
Conclusion 4.7.1.0.1.
det ([A] x [B]) = det [A] x det [B]
when the matriz [A] and the matriz [B] are random square matriz.

Proof. The full set of proof will not be show here, it is just a conclusion for the
previous sections. O

4.7.2 A Brief Introduction on the Application of the As-
sociative Law

The most important thing for the application of the associative law
here is it can help you to calculate teh determinant for all the
square matrix

Caution 3. But for a lot of cases, this kind of algorithm is not convenient

because what you have you to do is to split the given matrix up to the version of
(det [[Ex] % [Eg—1] % ... x [E2] [E1])™t x ([D1])™! x ([BSk] x [BSk—1] x ... x [BSs] [BS1])7!]
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Figure 4.1: the Box of [2]

So there does exist some better ways to calculate the value for the
determinant of a square matrix, I will talk about it later, but I think
what I want to tell that there will not be a better one or worse one
on all the methods to calculate the determinant, when you need to
calculate the determinant, you also need to think about the simplest way that
just introduced because it is the most direct one.

4.8 The Geometric View on Determinant

We have already introduce the basic algebraic rules of the determinant, and I
think it is time now to introduce the most important thing to you.
Personally, I love the geometric view of determinant.

4.9 Some Preparation in Geometry

4.9.1 Volume of the Box
Square Matrix and Box

There is a very important conception here called box

In this subsection, we are going to understand the relation ship between the
box and the matrix.

I will show you several examples here first before I use words to define the
meaning of the box.

And my examples will come from matrix beneath dimension 2
because it will be more easier ot see that

Example 4.40. The box of the matriz [2] is a line in the one dimensional
coordinate system.

Example 4.41. The box of the matriz (1) (1) is a square in the graph which
1s ABCD in the two dimensional coordinate system.

(1 o3] . )
Example 4.42. The box of the matriz 9 1| ®a parallelogram in the graph

which is ABCD in the two dimensional coordinate system.

So know, I think it is time to give out the algebraic definition of the box.
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Figure 4.2: the Box of F 0}

0 1

-1

Figure 4.3: the Box of B ﬂ
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—v1—

—Vg—

Definition 4.3. For the square matriz , we will have half the frame

for the box are v1, to v,, when we define the box to be a parallelogram, so you
can find out what the boz is by adjusting the whole graph into a parallelogram

The definition is too abstract, so I will make an example here.

I will show all the step to find the box for the matrix E’ g]
1

1 05| 80 wecan find that two frames

are (1,1) and (1,0.5). here is the graph

Step 4.9.1.1. We find the matrix is [1

Figure 4.4: Step One

Step 4.9.1.2. Then you have to make the graph changed into a parallelogram,
here is the graph

Figure 4.5: Step Two

So I think now you have already had the ability to find the box of
the the square matrix, you can see it by eyes in dimension one
which is a line; On dimension two, which is a parallelogram; On
dimension three, which is a Parallelepiped.

In the higher dimensional space we can’t see what the box is actually looks
like, but we know that with several perpendicular axis, there is somehow a
box, the most thing here is to feel it.

Volume

In the last subsection we have accept the conception of box.
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In the real life box is in the three dimensional space, so we define the space
in it to be the volume of it.

But in the other spaces like two dimensional space, when the box is a par-
allelogram, so as you guess, now the volume of the box is just the area.

Just like that, the volume of the box in the one dimensional space is the
length.

But these things are not enough, we have to admit that the value
of th e volume of the box can be a negative number.

And here I will help you to understand.

Negative volume of Box

If I define this box in the two dimensional space is positive.

Figure 4.6: Positive

Then I think we can define the volume of the box of the following is negetive.

Figure 4.7: Negative

‘We now define the volume of the box can be negative, every time you
flip the box you will add an extra negative sign to the volume of the
box.

Conclusion 4.9.1.0.1. The volume of the box can be a negative number.

For the absolute value,

in one dimensional space it is length, in two dimensional space it is area,

in three dimensional space it is volume,

and for higher dimensional space, you don’t need to see the volume, but to
accept and feel that there is something like volume but we now can not under-
stand.
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Volume of the Box to be Zero

There do exist situation when the volume of the box is zero, I would love to
give you some practical examples that you might understand it better before I
gave the definition by words.

Example 4.43. The volume of a dot in the one dimensional space is zero,
because we define the volume of the box in the one dimensional space
is the length, and of course we have the length of the box is zero.

Example 4.44. The volume of a line or dot in the two dimensional space is
zero,

because we define the volume of the box in the two dimensional space
is the area, and of course we have the length of the dot or line is
zero.

Definition 4.4. When the boz is a n-1 or less dimensional object in the n
dimensional space, then the volume of which is zero.

Caution 4. 1. The volume of the box depend on the object itself, but also
the space.

2.The most important thing here is dimension, if the volume of the box of a
particular matriz is zero, then it is a dimension killer.

4.9.2 Determinant and Volume of the Box

Here, we need to start from the definition of determinant.
I will show every thing in three basic definitions as below.

Normalization

In the normalization part of the determinant we defined det(I) = 1.
Then I think it is best to see why this equation links the volume of the box
with the determinant in different conditions.

Condition 4.9.2.0.1 (When [I] is [1]) We will have the graph for the
volume of the box here.

Figure 4.8: Volume of the Box for m

Geometrically speaking, the volume of the box now is the length of the line
which is 1.
So here we have
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When [I] s [1],
det [I] = 1 = Volume of the Box
10

Condition 4.9.2.0.2 (When [/] is [0 1

}) We will have the graph for the

volume of the box here.

Figure 4.9: Volume of the Box for B (1)]

Geometrically speaking, the volume of the box now is the area of the square
which is 1.

So here we have
. |10
When [I] s {O J,
det [I] = 1 = Volume of the Box

So for the higher dimensional space it is the same, we can permanently prove
that we have
det [I] = 1 = Volume of the Box

Conclusion 4.9.2.0.1. det [I} = 1 = Volume of the Box

Alternating

From the alternating property of the determinant, we have the function 4.2.2,
which is

vy — g
Uy v —
det = —det
—vg— —z—

We know this shows some kinds of linear transformation, then I think it is best
to see why this equation links the volume of the box with the determinant in
different conditions.
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Condition 4.9.2.0.3 (When in One Dimensional Space). We can’t do row
exchange for lack of row.

—v1—

Condition 4.9.2.0.4 (When in Two Dimensional Space). We set _52_ to

2 1
be L O] ,
So we will find that in the determinant of the matriz after the row exchange is

opposite to the one before exchange.
And we now look at the change in the volume of the box.

Figure 4.11: After Row Exchange

So it’s obviously the same as the situation of flipping as we have mentioned
before.

Figure 4.12: Before Row Exchange
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Figure 4.13: After Row Exchange

So we will find that after the row exchange, the volume of the box is opposite
to which before row exchange.

So now what we find is if you make a row exchange, the corresponding change
in the determinant and the volume of the box is the same.
I can say that for any matrices come from identity matrix after row exchange,
their determinant and the volume of the box are the same.

Conclusion 4.9.2.0.2. det [A] = Volume of the Bozx
When the [A] is in form of

[A] = [Pr] X [Pec1] x ... x [P2] x [P1] x [Py]
Caution 5. What the row exchange is doing is just flipping the box.

Multi-Linearity I

From the first part of property of Multi-Linearity we have the function 4.2.3,
which is

! ’
—v1 + v — —v1— —vy—
—Vg— —Vg— —vg—

det 2 = det + det 2
—VUs3— —VU3— —U3—

We know this shows some kinds of linear transformation, then I think it is best
to see why this equation links the volume of the box with the determinant in
different conditions.

Condition 4.9.2.0.5 (When in the One Dimensional Space). If we set the

’ !
—U1 + vy — —v1— —v;—
; —U2— .| T2~ .| —ve—
matric 2 to be [3} , and the matriz and matriz 2
—v3— —v3— —v3—

to be [2] and [1] respectively.

we have known the determinant satisfies this equation, but what about the
volume of the box?

Here we will show you the graphs.
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Figure 4.14: Before Split

Figure 4.15: Part I After Split

Figure 4.16: Part 11 After Split

we will see that the volume of the box of the matrix before split is 3, the part I
and part II are 2 and 1 respectively. Then we find

Volumn of Box (Before Split) = Volumn of Box (Part I) 4+ Volumn of Box (Part I11)

Condition 4.9.2.0.6 (When in the Two Dimensional Space). If we set the

’ !
-V + Ul_ —UV1— _vl_
; —v2— .| V2= .| —U2—
matrix 2 to be [3], and the matriz and matriz 2
—v3— —vV3— —U3—

to be [1] and [2] respectively.

we have known the determinant satisfies this equation, but what about the
volume of the box?

Here we will show you the graphs.
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Figure 4.17: Before Split

Figure 4.18: Part I After Split
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Figure 4.19: Part 11 After Split

We have the area of original parallelogram is -9, the area of the parallelogram
part I after split is -6, the area of the parallelogram part I1 after split is -3.
we find that in this situation the sum of the area of the part I and part 11
parallelogram is just equal to the area of the original parallelogram.
Geometrically which is

Volumn of Box (Before Split) = Volumn of Box (Part I) 4+ Volumn of Box (Part IT)

So we found that if you make a row exchange, the corresponding change in the
determinant and the volume of the box is the same.

And we know that any matrix can be the combination of a lot of other
matrix, and those matrix can finally come to the identity matrix
through specific method.

Conclusion 4.9.2.0.3. For any matrizc [A]
we have det [A} = Volume of the Box

Multi-Linearity II

Actually I think there is no need to tell story about the second rule on
Multi-Linearity, because actually the part IT of Multi-Linearity is just a block
with multiple times of part I Multi-Linearity.

But I think it is better to take a look at it again.

From the rule of part IT of Multi-Linearity, we have the equation 4.2.3, which is

—CU1— —V1—

—Vg— —Vg—
det = ¢ x det

—v3— —v3—

We know this shows some kinds of linear transformation, then I think it is best
to see why this equation links the volume of the box with the determinant in
different conditions.
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Figure 4.21: After Degenerated

Condition 4.9.2.0.7 (When in the One Dimensional Space). If we set the

—CU1— —U1—
matriz | 2 | to be [2], and the matriz | 2 | to be [1]
—U3— —U3—

we have known the determinant satisfies this equation, but what about the
volume of the box?

Here we will show you the graphs.

we will see that the volume of the box of the matriz before degeneration is 2,

after degeneration is 1.
Then we find

Volumn of Box (Before Degeneration) = ¢ x Volumn of Box (After Degeneration)

Condition 4.9.2.0.8 (When in the Two Dimensional Space). If we set the

—C X V1— —V1—
matriz T2 to be 4,2 , and the matrix T2 4o be 2,1 .
—V3— 3, 1 —U3— 37 1

we have known the determinant satisfies this equation, but what about the
volume of the box?

Here we will show you the graphs.

We have the area of original parallelogram is -2, the area of the parallelogram
after degeneration is -1, and the value of ¢ is 2.

Geometrically which is

Volumn of Box (Before Degeneration) = ¢ x Volumn of Box (After Degeneration)

So we found that if you make a row exchange, the corresponding change in the
determinant and the volume of the box is the same.
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Figure 4.23: After Degeneration

And we know that any matrix can be the combination of a lot of other
matrix, and those matrix can finally come to the identity matrix
through specific method.

Conclusion 4.9.2.0.4. For any matriz [A]
we have det [A} = Volume of the Box

Square Matrix

In this subsection I just want to make a conclusion of this section.

We have known that for the identity matrix we have the volume of the box is
just the determinant, and for the determinant and the volume of the box, they
has the same computation rule when doing Multi-Linearity, Alternating.
Every matrix comes from the identity matrix after the computation
of Multi-Linearity and Alternating.

Conclusion 4.9.2.0.5. For any square matrix [A]
we have det [A} = Volume of the Boz

4.10 Determinant Calculation & Formula for De-
terminant

This part is very skillful, because there are many ways to calculate the
determinant of a matrix.

All the methods are correct when only some of them are convenient.
In this section I will try to introduce all the general method to you.
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4.10.1 Incomplete Split
Conclusion 4.10.1.0.1. When the size of matriz [A] isnbyn
det [A] = Ezzlakj X Cpj

or

det [A] = Z3_ aik X cik

When cpmn = (—1)™1" x det [Amn], and [Amn] is the matriz delete the mt"
row and nt" column.

Algebraic Proof

we have the conclusion 4.10.1

Proof. 1 am going to prove det [A] = 2P _qai X ¢y first.

We know the property of the determinant called the first part of Multi-
Linearity, as the function 4.2.3, which is

!
—v1 + v — —v1— —vy—
—Vg— —v2— Vg —
det 2 = det 27|+ det 2
—U3— —U3— —U3—

If we set the matrix [A] with the size of n X n to be

ail ai2 ais ai14 A1n
a21 a22 a23 a24 A2n
asi a32 ass a34 a3n
ai-1)1 0G-1)2 A6-1)3 A@G-1)4 - Q@-1)n
a;1 a2 a3 Q4 Ain,
Ai+1)1  AG+1)2  A6E+1)3  AG4+1)4 - QGi4+1)n

Then we will use the function 4.2.3 multiple times.
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If we take the i*" row to split, that is

det

=det

+ det

=det

a1
a21
a3

A(i—1)1
a1
AGi+1)1

a1
a21
a3

ai2 a13
a22 a23
a32 a33
aG—-1)2  A31-1)3
a;2 a;3
a(i+1)2  A(i+1)3
ai2 a13
a2 a23
a32 a33
aG—1)2  A3-1)3
0
a(i+1)2  A>i+1)3
a12 @13
a2 a23
a32 a33
A(i—-1)2  G(;—-1)3
;2 a;3
a(i+12  A>i+1)3
a12 @13
a2 a23
a3z a33
A(i—-1)2  G3;i—-1)3
a(i+1)2  A>i+1)3
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Q14
24
34

A(i—1)4

A4

A(i+1)4

Q14
24
a34

A(i—1)4

0
A(i+1)4

14
24
a34

A(i—1)4

Q4
A(i+1)4

14
24
a34

A(;i—1)4

A(i+1)4

A1n
a2n
a3n

AGi+1)n

A1n
A2
a3n
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+ det

+ det

=det

+ det

a1
a21
a31

A(i—1)1
0

AGi+1)1

a11
a21
asi

ai2
a22
a32

A(i—1)2

a2
A(i+1)2

ai12
a22
a32

ai12
a22
a32

A(;i—1)2

A(i+1)2

a12
a22
a32

A(;—1)2

A(i+1)2

ais
a23
a33

a(;—1)3

QA(i+1)3

ais
azs
a33

a(;—1)3
a3
A(i+1)3

a13
az3
a33

A(i—1)3

0
A(i+1)3

@13
az3
a33

a(;—1)3

a(i+1)3

Q14
a24
a34

A(i—1)4

QA(i+1)4

Q14
a24
a34

A(i—1)4
Q4
A(i+1)4

Q14
a24
a34

A(i—1)4

0
Q(i+1)4

14
24
a34

A(i—1)4

Q(i+1)4

A1n
A2n
a3n
A(i—1)n
0
A(i+1)n

Q1n

A(i—1)n

a(iJrl)n
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a1 a12 a13 a14 A1n
a21 a22 a23 a24 57
a31 a32 a33 34 a3n
+ det
aG-1)1  A6G-1)2 A@GE-1)3 A6G-1)4 -+ Q@G—-1)n
0 0 ;3 0 0
aG+1)1 A6+1)2  AG+1)3 A6G+1)4 -+ QG+1)n
a1 a12 a13 a14 A1n
a21 a22 a23 24 A2n
asi as2 as33 a34 a3n
+ det
a(-1)1 0G-1)2 A6G-1)3 A@G-1)4 - Q@G-1)n
0 0 0 Q4 0
Ai+1)1  AG+1)2  A6G+1)3  AG+1)4 - QGi+1)n
+...
a1 a12 a13 a14 A1n
a1 a22 a23 24 QA2n
asi a32 a33 34 a3n
+ det
aG-1)1  A6G-1)2 AG-1)3 A6G-1)4 -+ Q@G-1)n
0 0 0 0 in
Ai41)1  AG+1)2  A6G+1)3  AG4+1)4 - QG4+1)n

And we have to use the Alternating property of determinant to transport the
entries of the a;; to the Seattle corner.
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Then we continue with our workout just now, we have

a1 a12 a13 a14 A1n
a1 a2 a23 a24 QA2n
asi as2 ass asq a3n
det
aG-1)1  A6G-1)2 AG-1)3 A6G-1)4 -+ Q@G—-1)n
a1 ;2 ;3 A4 [£27)
aG+1)1 A64+1)2  AG+1)3  A64+1)4 -+ CG+1)n
[ a;1 0 0 0 0 i
ai1 a12 a13 G14 A1n
a21 a2 az3 a24 a2n
i a a a a a
=(-1) 1o det 31 32 33 34 3n
ag-11  A@G-1)2 AG-1)3  A@6G-1)4 -+ Q@G-1)n
a(4+1)1  0G+1)2  A6+1)3  A64+1)4 -+ Q(i41)n
I ;o 0 0 0 0 i
a12 a1 a13 a14 A1n
a2 a1 a23 a24 QA2n
; a a a a a
+(=1)" x det 32 31 33 34 3n
a-1)2  A6G-1)1 AG-1)3 A6G-1)4 -+ Q@G—-1)n
A(i41)2  AG+1)1 A6G+1)3  AG4+1)4 -+ QG4+1)n
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;1 0 0 0 0
0 a1z a3 aig ... Q1p
0 a2 a3 a24 a2n
; 0 a a a a
:(71)14»1 % det 32 33 34 3n
0 ag-12 aE-13 AE-1)4 - QG-1)n
0 a@sn2 GEyn3 Ausrna - QGtD)n
[0 0 0 0 0
0 a1 a3 a4 ain
0 as1 ag3 G24 ... Q2p
; 0 a: as a as
(1) x det 31 33 34 3n
0 ag-1n1 @E-13 AE-1)4 - QG-1)n
0 a@yn1 QD3 Aurna - QGtl)n
+...
a2 ais a4 A1n
az2 az3 a24 Qz2n
4 as2 ass a34 asn
=(—1)" x a;; x det
Ai—-1)2  a3;-1)3 A6G-1)4 - A6-1)n
ai+1)2  A6G+1)3  G(i41)4 - O(i+1)n
a11 a13 a14 A1n
a21 a23 24 A2n
A asi ass a34 asn
+(*1)Z+2 X Q32 X det
aG-1)1  A6G-1)3 A3G-1)4 - QG-1)n
aG+1)1 A64+1)3  AG+1)4 - QG4+1)n

+...

If now we set Cppn = (—=1)™" x det [Amn], and [Amn] is the matrix delete the
m" row and n'® column.

We will have
det A
=a;1 X cil + ;o X ci2+ ...

=271k X Cik

So we proved that det [A] =20 Gk X Cigg
And for the situation of det [A] = M}_,ak; X cg;, I will use one of the
conclusion we have before, the conclusion 4.6.1, which is det [S] = det ([S] )T
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So that we have
det [A]
— det [AT]
=Yj—10ki X Cki

=Xg_10k;j X Ckj
Then we have proved that When the size of matrix [A] is n by n
det [A] = S7_jap; X cx;

or
det [A] = X}_1Gik X Cik

When ¢pp = (1) x det [Amy], and [Amy] is the matrix delete the m"
row and n*" column. O

Geometric Explanation

This is the application of the method of split and degenerate as we have men-
tioned in the proof of conclusion 4.9.2.

There is a very good explanation for it, and I will do it with pictures.

Step 4.10.1.1. Here is a graph of box which I want to get the value

13

: /
FA

3 2 1 o 1 2 3 4 5 3 7 8

of, the corresponding matriz is [3 1]

Figure 4.24: Box of Matrix E) :ﬂ

Let’s suppose we can’t calculate the area out directly.

Step 4.10.1.2. So we have to split this matriz into two matrices.
If we split the matrixz by the first row as an example.

) 31 30 0 1
We will have det L 3] = det [1 3] + det L 3]

I will sign as part I, 1} as part 11

3 0 0
1 3 1 3
Then I will show what we do geometrically.
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Figure 4.25: Box of Part 1

Figure 4.26: Box of Part II

Caution 6. You have to remember the volume of the box here we have chance
to be negative, such as the one of the volume of the box for the part I1

But let’s suppose we still can’t calculate the area of each box

Step 4.10.1.3. We continue to make it easier to calculate the volume of the
boz.

I want to mention a step we did when proving the conclusion 4.10.1, which
]
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51 0 0 0
ail a12 ais ai4
a21 a22 a23 24
(71)1'71 « det as as2 ass a34
AG-1)1  A3—-1)2 Q3G-1)3 Q(i—-1)4
aG+1)1  A6G+1)2  AG+1)3  A3i+1)4
I ;o 0 0 0
ai2 ail a13 a14
a22 a21 a23 24
+(71)i « det as2 asi ass a34
aGi-1)2 A6G-1)1 A@G-1)3 G>i—1)4
aG+1)2  A64+1)1 O3G+1)3  A(i4+1)4
+...
_ail 0 0 0
0 aio ais alq
0 a9o a93 a24
—(—1)"*1 x det 0 as ass asq
0 a@G-12 a@E-1)3 agi-1)4
0 a@+n2  Q@+1)3  A+1)4
_aig 0 0 0
0 a1 a13 Q14
0 as1 as3 a4
H(=1)72 x det 0 asy ass ass
0 a@-11 @uE-13 a6-1)4
0 AGi+1)1 A64+1)3  Ai+1)4

This is just changing the shape of the box

Then I will call

3
0 3

the part II after shape change.

Here are the graphs.

O} to be the part I after shape change and {

0
A1in
a2p
a3n

A(i—1)n
A(i+1)n

0
A1n
a2p
a3n

A(i—1)n
A(i+1)n

Q1n
a2n
a3n

A(i—1)n
A(i+1)n

Q1n
a2n
a3n

A(i—1)n
A(i+1)n

0
1

1
0
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Figure 4.28: Part IT After Shape Change
We will see that this step change the parallelogram into rectangle.
And now it is very easy to calculate the determinant.
So what is the Geometric Meaning of each part of function
det [A] = Ezzlaik X Cik

a;i is like the height of a sub part.
¢k is like the area of the base perpendicular to the height.

The basic skill here is still split and change the shape.

4.10.2 Complete Split & Big Formula
Conclusion 4.10.2.0.1.
det [A} = Eall p/s(amlaga,z X ... X ana") x det [P]

when a; takes any integer value between 1 and n when all of them will not be
repeated, and [P] s all the permutation matriz they corresponding to.

This formula is the most important one in the linear algebra,
because it gives the full picture of determinant split.

Algebraic Proof

This is just a more complete split then the formula

det [A} = X7 ik X Cik

I don’t need to differ the situation when splitting by the column or the row
because this time all the column and rows will be fully split up.
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Proof. We know the property of the determinant called the first part of
Multi-Linearity, as the function 4.2.3, which is

7 ’
—v1 + v — —v1— —v;—
—Vg— —v2— —Ug—

det 2 = det 27|+ det 2
—U3— —Us— —U3—

Also we have the corollary 4.3.3, which is

—v1 4+ ¢ X vg— —U1—
—Vg— v
det 2 = det 2
—vg— —u3—

If we set the matrix [A] with the size of n x n to be

a11 aiz2 ai13
21 QA22 (23
azi1 asz ass

Then we will use the function 4.2.3 multiple times.
If we take the first row to split, that is

ail; a2 ais
az; a2 Az
det 3
azyp asz Ga33
aill 0 0 0 a2 0 0 0 ai13
a21 Az a2 a1 ag2 a2 Ga21 Qg2 a2
— det 3 + det 3 + det N
azy asz azz .. azip asz azz .. asi asz2 ass
0 0 0
a1 ag2 a2
+ det 3
az1 asz2 ass
ail 0 0 0 ai12 0 0 0 ais
0 a a a 0 a a a 0
— det 22 23 + det 21 23 + det 21 22
0 aso 433 .. asy 0 ass .. asy as2 0
0 0 0
a a a
+ det 21 22 23
azi1 asz2 asg
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And now we need to continue to split, I will try with the second row

det

=det

+ det

=det

+ det

+ det

+ det

=det

+ det

ai1
a21
asi

a12
a22
a32

a22
a32

a22
a32

a2
a32

ai2

o

o

a32

o

a32

a22

a12

o

a3
a23
ass

a23
ass

a23
ass

ass

a23
as3s3

a1
a31

+ det

+ det

+ det

+ det

+ det

+ det

a12

o

o

a32

o

a32

a22
a32

o

a32

o

a32
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a23
ass

a23
as3s3

a13

o

o

as33

a23

a3

o

a1
a31

+ det

a21

+ det

+ det

+ det

+ det

+ det

a22
a32

a12

o

a2
a32

o

a32

a12

o

a22

a13

o

o

as3

a3

o

a23
a33

o

a33

a13

o
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0 0 0 0 0 0 0 0 0
tdet |20 00 tdet |0 92 O + det 0 az
0 a3 ass 31 0 ass 31 azz O
[0 0 0 i
+ det 0 0 0
azy Gz 033
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And we need to split the third row

(a1 a2 ais 1
det 21 G22 G23
asy as2 ass
-au 0 0 ..._ -CL11 0 0 i [ 0 ai2 0
. 0 a2 0 0 0 ass3 ... a1 0 0
= det 0 0 ass .. + det 0 as2 0 .. + det 0 0 ass
i 0 ai12 0 ..._ [ 0 0 ai13 ..._ [ 0 0 ai13
0 0 a23 a21 0 0 0 a2 0
+ det asy 0 0 + det 0 as2 0 + det aszq 0 0
0 0 0 1 [0 0 0 1 [0 0 o0
+ det a1 0 0 + det 0 ag9 0 + det 0 0 a23
0 asz2 as3 .. asy 0 ass . asr as2 0
[0 0 0 ]
+det 0 0 0
azy az2 ass
_all 0 0 ...- _CL11 0 0 i [ 0 a2 0
_ 0 a2 0 0 0 a93 a21 0 0
= det 0 0 ass . + det 0 as2 0 + det 0 0 ass
i 0 a12 0 ..._ i 0 0 a3 ..._ [ 0 0 a13
0 0 ass ... a1 0 0 0 as2 0
T det asy 0 0 .. T det 0 as2 0 .. T det asl 0 0
0 0 0 i [0 0 0O ] 0 0 0
a1 0 0 a1 0 0 0 as2 0
T det 0 as2 0 .. - det 0 0 ass .. T det asl 0 0
[0 0 0 ..] [0 0 O ] [0 0 0
0 a2 0 0 0 ass3 ... 0 0 as3
+ det 0 0 ass .. + det asq 0 0 .. + det 0 as2 0
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0 0 0 0 0 O 0 0 0
+ det agl 8 8 + det 8 , 8 + det 8 8 a23
:0 0 0
tdet |0 0 o

:Ea” p/s(a1a1a2a2 X ... X a'n(xn) x det [P]

Some Confusion
I use this place to classify some conception in the big formula which is
det [A] = Xl prs(a1a1a2a2 X ... X anan) x det [P]

I think there are basically two things need further explanation.
1. What is exactly the matrix [P] in the equation.
2. How can we calculate the determinant of matrix [P] fast.
So I will start with the first question.
I think it is good to give example to help you understand.

1
I will just say the permutation matrix for the matrix [ 0 } is just the matrix

0,-9
1,0
o)
0,4,0 ,

0,1,0

And the permutation matrix | 0,0,7 | is just the matrix |0,0,1

-9,0,0 1,0,0

Now is I will give answer to the second problem.
I will also give you answer by examples.

b

) )

~oooo
coocor~
cor oo
coo O
o~ o oo

Example 4.45. Find the determinant of the matriz

Solution:
You have several options.
For example, you can calculate it by basic rules or big formulas.
But I will give you a convenient short cut here.
0,1,0,0,0
0,0,0,1,0
We now the matriz is [0,0,1,0,0
0,0,0,0,1
1,0,0,0,0
according to the position of one in each row.

, then we can just record it as (2,4,3,5,1)
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Now we will have

(2,4,3,5,1) 5 (2,3,4,5,1) 75 (2,3,4,1,5) 75 (2,3,1,4,5) %5 (2,1,3,4,5) %> (1,2,3,4,5)

We will see that it take 5 steps to change the permutation matriz into the
identity matriz.
So the linear transformation it represent is the combination of 5 simple
permutation matriz.
We have proved that associative law for the determinant operation, then we
0,1,0,0,0
0,0,0,1,0

will have det =(-1)P°=-1

0,0,1,0
0,0,0,0
1,0,0,0

)

o = O

) )

Caution 7. The basic logic here is to find how many row operations are
this permutation matrixz represent, because we know each single simple
row exchange means to flip the box for one time, which will add a negative sign
to the volume of the box.

Geometric Explanation

We have known that the Geometric meaning of cofacter method is a slight
split on the box, so here it is a complete split of box.
Let’s make a conclusion on the things geometrically we do on the box when we
are calculating the determinant.

1. Split the box.

4
f
B
3
9
2
%
A
1
\1/
D
1

3 2 ] 0 2 3 ) s 6 7 B

Figure 4.29: Before Explit

B C

3 1. &

v

/ 9
W
AD u 'y

) e e TRaaY

o

A

L

Figure 4.30: After Split Part I
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||/

C

Figure 4.31: After Split Part IT

2. Degenerate the Box

Figure 4.33: After Degeneration by 3

This step can always help you to degenerate the parallelepiped to the standard
unit cubic that the identity matrix represent
3. Evaluate Everything by det [I ] =1

4.10.3 Upper Triangular Matrix

Conclusion 4.10.3.0.1. For a upper triangular matriz [U] with size n X n,
we have

i=1



132 CHAPTER 4. DETERMINANTS

Proof. We have the knowledge on Gaussian Elimination, so [U] = ([Dl])*l X
([BSk] X [BSk_l] X o X [BSQ] [BSl])_l Then we will have

det [U]
=det [([D1])™" x ([BSk] x [BSk-1] x ... x [BS2] [BS1])™"]
:det([Dl])*l

n
=[]
i=1

4.10.4 Formula for Specific Dimensional Space

I don’t think this part is important, I think it is more like an
application of the big formula

det [A} = Yan Prs(A1a; 0205 X oo X Ang,, ) X det [P}

So I will not give proof for the conclusion in this subsection.

Two Dimensional Space

Conclusion 4.10.4.0.1.

a b

det L d

}:ad—cb

Three Dimensional Space

Conclusion 4.10.4.0.2.

a11  aiz2 @13
det |a21 a2z a23| = A11022033—011023032—021012033+021A13032+A31A12023 —A31013022
az1 asz2 ass

4.10.5 Sample Problem

In the former section we learned several way to calculate the determinant, it is
time to use those tricks now.

2 -1 0 0 0
-1 2 -1 0 0
o -1 2 -1 0
0 o -1 2 -1

Problem 4.10.5.0.1. A = 0 0 0 -1 2

, find det A

(e Bl en el en B en)
o O O oo

o
o
o
o
o
[\]
|
—
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Solution:
det [A]
[2 -1 0 0 0O 0 0]
-1 2 -1 0 0 0 0
0 -1 2 -1 0 0 0
0 0 -1 2 -1 0 0
ety 9 0 o1 2 0 0
0 0 0 0 0 2 -1
0 0 0 0 0 -1 2
(2 -1 0 0 0 0 0]
0 2 -1 0 0 0 0
0 -1 2 -1 0 0 0
0 0 -1 2 -1 0 0
=det 1y 9 0 1 2 0 0
0O 0 0 0 0 2 -1
0 0 0 0 O -1 2
(2 -1 0 0 0 0 0]
0 3 -1 0 0 0 0
0 0 3 -1 0 0 0
0 0 -1 2 -1 0 0
=detlg o 0 -1 2 0 0
0O 0 0 0 0 2 -1
0 0 0 0 O -1 2
(2 -1 0 0 0 0 0]
0o 2 -1 0 0 0 0
0 0 3 -1 0 0 0
_ 0o 0 0 2 -1 0 0
=detiy o 0 0 ¢ 0 0
0O 0 0 0 0 o -1
0 0 0 0 0 0 b
3 4 n+1
=2 X =X = X..X
2 3 n
=n+1

Problem 4.10.5.0.2.

ap+by bi+c cata
[A] = las+by bs+co co+tas|, finddet [A]
a3 +bs b3+cs c3+as
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Solution:

det[A]
1
=det ([4] |-1
1
2xa; bi4+ec gt
=det |2Xxas by+co co+as
2xa3z by3+ecz c3+as

O = O

0
1)
1

a; bi+ec c+ta
=2 xdet [aa by +co co+as
ag bz +c3 c3+as

ar bi+a a
=2xdet |ag by +ca o
az bz +c3 c3

ay b1 C1
=2 x det a2 bg Co
laz bz c3
a b b b
b b b
Problem 4.10.5.0.3. [A]=|b b a b |, find det [A]
b b b a
a b b b
Solution: (Say 4 x 4): [A] = Z Z Z Z
b b b a
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det [A]
11 1 1
01 00
=det ( 00 1 0 [A])
0 0 0 1
a+3b a+3b a+3b a-+3b
b a b b
=det |y b a b
b b b a
1 1 1 1
b a b b
=(a + 3b) x det b b oa b
b b b a
11 1 1
0 a—2> 0 0
=(a + 3b) x det 0 0 a—b 0
10 0 0 a—2>
=(a + 3b)(a — b)?
general (n x n):
(a4 (n—1)b)(a—b)""*
a b 0 .. 0 O
c a b ... 0 O
0 ¢ a ... 0 O
Problem 4.10.5.0.4. [4,] = , find det [A]
0 0 0 ... a b
0 0 0 .. ¢

Solution: If we try to split by the first column.
We will find

det [An} = a x det [An,l] — ¢b x det [An,g}
So what we have is

det |A,,| = a x det [An_l} — be x det |:An_2i|

det |A1| =a

det |Ay| = a® — be

4.11 Formula for inverse

4.11.1 Recall

For 2 x 2 matrix,we have the formula:

135
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a b0 1 [d —b
c dl ad—bc|—c a

We can find that ﬁ is the determination of the matrix, and [_dc _b}

is the transposed matrix of the cofactor matrix of [Z Z] .

4.11.2 Formula for inverse

We let C;; = (—1)"det(A;;) be the (i,j) cofactor

Ci
We can group Cj; into the cofactor matrix: C = | ...
Cnl

a b d —c

Example: A = L d} ,C' = b 4

According to this, we can infer the formula:
ACT = det(A) x I,

Proof:

Oln

Cnn

L(ACT)i; = @it (CT)1i 4+ ai(CT)gi + oo 4+ ain (CT)ni = aincin + aipcio + ... +

ainCin It is exactly the i-th row expansion of det(A).
So

2.(ACT)Z*J* = @;1Cj1 + G2Cj2 + ... + QinCin
Say n=3,i=1,j=2

ailr a2 a3 C11 C12 (13
A= |a2n az a3 ,C = |C21 C22 C23
azr asz2 ass C31 €32 (33
ACT)y = — 1)1 det |12
( )12 = a11¢21+a12C22+a13C23 = a1 (—1) € aso
011 a1 ailp a2 ais
alg(—1)2+3det = det aip a1z ai1z| = 0
az1 as2

a3y asz2 a33

a13
as33

}—I—alg(—l)%zdet [

In general: (ACT)” = ail(—l)j*'lcjl +ai2(—1)j+20j2—|—...—|—am(—1)j+"cjn =

a;1 ... Qip

det | ... ... .. | =0, the repeated row are i-th row and j-th row

a;1 ... Qjn

It is exactly an operation to insert a;1a;s...a;, to the j-th row

Above all
ACT = det(A) x I,

ajy
a31

a13
as3
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If det(A) # 0,

-1 1 T

= det(A)

4.11.3 Application

Now we have two methods to find inverse matrix(Gauss-Jordan elimination and
Formula for inverse)

1 1 1
Example:A = |0 1 1| ,det(A) =1, find A~*
0 0 1
1 0 0
We can initially get C = |-1 1 0
0 -1 1
1 -1 0
So A7 = i CT = | -1 11 (1)

4.12 Cramer’s rule

4.12.1 Solving equation

Ax=b with n x nmatrix A,assuming A is invertible: CT Az = CTb

Then x = ﬁWCTb

Let write down the entries(CTb);: (CTb); = (CT);j1b1+(CT) joba+...(CT) jnby, =
b101j + bQCQj + ...+ anm = bl(—1)1+jd€tA1j + ...+ bn(—l)n+jd€tAnj =

ai; .. G1G-1) bi ... ain
det , it is exactly replacing the j-th column
anl o GpGi—1) bn o Gnn
of A by b
So
v = det(B;)

4.12.2 Application

Example: x1 + 3z2 = 0,221 + 422 =6 or {2 4] [@] = {6]

We can initially get det(A) = —2

0 3 1 0
Soxlzﬁm)det {6 4]:9,xgzdetlwdet [2 6}:—3
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4.13 Formula for pivots

4.13.1 Formula for pivots

a b c
Let A=|d e f|,saya#0
g h 1
1 0 Of (a b c a b c
—%10def:Oe—%f—%
2.0 1] |g h i 0 * *
Let le |:_1d ?:|,A1: |:Z“ZL l;:|
Li-A = 8 e_bbd},wecanﬁndthataistheﬁrstpivot andef%isthe

second pivot, and det(il) - det(Ay) = product of the first two pivots = ae — bd
In general, say if invertible A = LU, let {Ak *] = {Lk 0} . {Uk *]

x % x % ok
so Ay = Ly, - Uy, so det(Ay) = det(Uy)

Uy, is upper triangular, det(Uy) = product of first k pivots

so det(Ag) =dy -dy - ... - dy

Therefore.
det(Ak)

b= Jet(ar )

4.13.2 Property

Property: For invertible A | iff det(A;) - det(As) - ... - det(Ay) # 0, A can be
done A = LDU without row operation

Proof:

1.n = 1, nothing to prove

2n=2let A= [CCL Z}, det(A1) = a # 0, det(A2) = ad — be
if det(Az) = ad — be # 0, then A can be factored directly to [8 d _b bc]
3.Induction step, if A,—1 = L,_1 - U,_1 be the decomposition

{L"_l O] [A"_l * } = [Unl j, where D,,_; has full pivots on di-

0 1 * Ann *

agonal

4.Further type I row operation can turn [Uzl j into U,, = {U’(L)l d* ]



Chapter 5

Eigenvalues and
eigenvectors

5.1 Eigenvalues and eigenvectors

Can we find a basis of R™ such that the linear transform has "simplest" repre-
sentation.

i.e. We want a basis vy...v,, s.t.571AS =D
S = [v1...0p)
In the other word,we are interested in

Ax =tx

(x is non-zero )
To diagonalize a matrix,we need a basis of R™consisting of eigenvectors.

How to find eigenvalues?

u If we do row operation to get to r.r.e.f. U,does it help?

FA=U FAx =tEx, Uz =tEx

u Ux = tEz is not very useful unless t =0

Method:
1 We determine the eigenvalue first:
Az = tx, (A-t1)x=0,

139
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N(A-tI) is not equal to 0, det(A —tI) =0
0 Pa(t) = det(A — tI) is called the characteristic polynomial of A
1 Pa(t) is a degree n polynomial.

u It is become
P(t) = det(A —tI)

u It is exactly of degree n because there is one degree n term:(ai; — t)...(ann —
t)det(I)

Prop:
Py(t) = (—t)" +tr(A)(=t)" "L + ... + det(A)

Thm:
1 An eigenvalue t is a solution to Pa(t) =0

1 An eigenvector corresponding to t is a non-zero element in N(A-tI).

Benefit:

AZ = (SDSfl)(SDSfl) = SD2%§-1
A3 = (SDQS_l)(SDS_l) =8SD35~!
A2021 _ g 2021 g—1

Def:
Given an eigenvalue t,we let Ey = {v|Av = tv} be the set of all eigenvectors.

FE; is a subspace called the eigensubspace w.r.t. t.

1 There are various cases that we cannot find a basis of eigenvectors:

Case 1

0 -1
=[]
PA(t) = t? + 1 has no solution.
Case 2
11
A=l

Pa(t) = (1 -1)*

u Take eigensubspace E,with basis v;...v.



5.1. EIGENVALUES AND EIGENVECTORS 141

Extend it to basis v;...v5, Wgt1...wy, of R™

Lemma:
u If F,...Ej are eigensubspace corresponding to distinct eigenvalues uy...u.
1 Suppose we have Li. vectors in Ej,

then putting them together are still 1.i..

Thm:
An n *n matrix A is diagonalizable iff
1.P4(t) = 0 has n roots counting alg. multiplicity.

2.For each eigenvalue u:
alg. muli.=geo. multi.

Cor:

In particular,if P4(t) has n distinct root ,then A must be diagonalizable.

e.g.:
1 2 -1

A=]0 1 1 [,is A diagonalizable?
1 0 1

ans:
1-—-t¢ 2 —1

Atl=| 0 1-¢t 1 |,

Py(t) = det 0 1-—t 1

=-det| O 1-1¢ 1

1-t 2 1
1 0 1—1t
=-det|0 1-—t¢ 1
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1-1 1

=det) o (o2

=(1-t)+1—-t+2
What can be done:

1 2 -1
A=0 1 1|;t;, =2
1 0 1
-1 2 -1
t1: A2I=| 0 -1 1
1 0 -1
1
N(A-2I)=span |1
1

u Take a basis vy, va, v3
S=|[v1, vz, v3]

2
The first column of S™1AS= {0
0

 If the sum of geo. mult.=k,then S~'AS has size k * k diagonal block at
the top-left corner.

Q:

Solve the initial value problem:
dv/dt = 4v — bw; dw/dt = 2v — 3w
v(0)=8;w(0)=5

A:

Writing Z(t)= [ 45

v(t) _ - 18
w t)] ,we have dZ/dt = {2 _3} 2,Z(0) = [5}
We may treat Z(t) as a curve in R2.

4 =5
Let A= {2 _3}
We try to diagonalize it.

4—1 -5

det(A—tI)det[ 5  _g_ t}
=t —t—2

=(t-2)(t+1)



5.2. DIAGONALIZATION 143

So : eigenvalues:t; = 2,t5 = —1

2 -5
t =2 A-2l= {2 _5}

with V1= |:g:|

5 —5

with Vo= |:1:|
oia-[p 1]

with Q= B ﬂ

t Then we have dz/dt = (QDQ~1)Z

or dy/dt=DY,where Y (t)=Q ' Z(t)

u Because it is dy; /dt = 2y (t),dya/dt = —ya(t)
y1(t) = cre? ya(t) = coe?

4 Y ()= {Cleﬂ

Co€

i {61] =Y(0)

—Q12(0) = m

. 5e% + 3e~t
0 200-QV(0)=[ 30 T30

v(t) = 5e? + 3e~t
w(t) = 2e? 4 3™t

5.2 Diagonalization

Def:
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u If there is non-zero v s.t. L(v)=tv,

we call t an eigenvalue of L, v eigenvector w.r.t. t.

Def:

1 We say that L is diagonalizable if it has a basis consisting of eigenvectors.

Def:

1 We define the characteristic polynomial of L by taking an arbitrary basis
vy, of V, and

Py(t) = Py (#)

prop:
If AB=BA, given eigensubspace F; for A, we have B(FE};) contained in E;

Thm:
If both AB=BA and both diagonalizable,
then there is Q invertible s.t. @ 'AQ = D1,Q 'BQ = D,

Difference equation
Fpio=Fyp +Fp, Fy=0F =1

How to write down formula for F},?

Idea: u; = {FFFI} be a vector.Then
k

Fy 4+ Fi—

u If we consider a general difference equation
Fr=a1Fp_1+..+aFr_
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Frys
Fyi2
We let up, =
e let uy Firot
Fy
a1 az az a4 Frio
|1 0O 0 O Fiq1
10 1 0 0 Fy,
0 O 1 0 Fi_4

:Auk,1 = Ak’u,o
G If A is diagonalizable:A = SDS™! then uj, = SD*(S~ ug)=cithv; + ... +
cltfvl
C1

ug is given, | . | is determined by initial data.

Markov matrices

Thm:

1.1 is an eigenvalue of A

2.The absolute value of the eigenvalue of A is less than or equal to one.
Proof:

If AB are markov matrix,then AB is again a markov matrix.
[1,1,1..]AB=I, and A , B has non-negative entries.

So A? is a markov matrix,

A3 is a markov matrix,

AF is a markov matrix

So A* has entries a;; which is greater than or equal to 0 and less than or
equal to 1.

But if there is an eigenvalue ¢; with |t;|>1,

then Akvy; = tfvi.

thv; goes to infinity when k goes to positive infinity.

This is contradictory.

So the absolute value of the eigenvalue of A is less than or equal to one.
3.The sum of each column of A is one.

4.The elements of matrix A are non-zero.
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Thm:

t Let A=(a;;) with a;; is non-zero.Assume for some 1 s.t. A’ has all positive
entries.

1 Then there is a largest eigenvalue t; greater than or equal to |t;],its eigen-
vector has positive coefficients.

Def:

A difference equation U1 = AUy, with A diagonalizable
l.stable if |t;] < 1 for all ¢;.

2.neutrally stable if |¢;] < 1 or =1 and some |t;|=1
3.unstable if |t;| > 1 for some ¢;.

Proof:

@ If A is stable: A=SDS™1,

with DF going to 0 as k going to infinity.

Therefore A* goes to 0 as k going to infinity.

i.e. up = A¥ug goes to 0 as k going to infinity.

u If A is neutrally stable:

C1
uk:Aku:[vl...vl, ...’Un]Dk
Cn
= Cl(tl)k’Ul + ...+ Cl(tl)kvl + ...
If t; =...=t; =1, then uy goes to cyv; + ... +

If A is unstable,limit of u; may not always exists

(depending on initial condition uy)

Complex numbers

Def:

A complex number is a number of the form z = a + ib with the operations:
1.(a+ib)+(c+id)=(a+c)+i(b+d)

2.(a+ib)(c+id)=(ac-bd)+i(ad+bc)

The set of complex number is denoted by C.
Given z=a+ib

1.its complex conjugate = a-ib
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2.its modulus= va? + b?
3.its real part=a

4.its imaginary part Im(z)=b

Prop:

1.(z1 + 22) + 23 = 21 + (22 + 23)

221+ =2+n

3.21(2223) = (2122)23

4.21(z0 + 23) = 2122 + 2123

5.There is 1=1+i0 such that 1*z=z for any z.

6.If z is non-zero,then 2z~ 'z = 1.

1t Given z is non-zero,we can write |z| = r,and z/|z| = cosa+isina for some
a: z =r(cosa + isina) = re'®

is called the polar form of z.

z1 = r1(cosay + isinay) = re'™

29 = ri(cosag + isinag) = re'®2
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2129 = ryroet(artaz)

Warning:
22 > 0 is no longer true,indeed it does not even make sense.

Thm:
Any degree n polynomial p(x) has exactly n roots counting multiplicity.

i That means we don’t need to worry about P4(t) = 0 has not enough
solutions.

Def:
A complex vector space is a set V together with two operation +, *, satisfying
(1)—(8) as for real vector space.

4 A m *n matrix A= (a;;j)mn is the one with a;; belonging to C.

u We write M, ,(C) to stand for the set of complex matrices.

Rk:
@ Theory in Chapter 1,2,4,5.1—5.2 still holds true by replacing the role of
R by C.

1 The properties for inner product:
l<z,cz>=c<z,2z>

2<zyy+z>=<z,y>+<x,2>

3.< x,x > is a non-negative real number with < z,z >=0 only if x =

Orthogonality:
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1 x,y are said to be orthogonal if < x,y >= 0.

1wy is perpendicular to we if < x,y >= 0 for x belonging to wy,y belonging
to wa.

@ z1...7, orthogonal if < z;,2; >= 01if i is not equal to j. x;...x, orthogonal
if <zy,2; >=11ifiequal to j.

Formula:

1 Take an o.n. basis q;...qx of v.

Pv)=<q1,v > q@+ < q2,v > g2+ ...+ < qi, v > qi.
=(qgf + ... + qugf v

5.3 Introduction

In the previous chapters, the complex numbers could have been permitted,
but would contributed to nothing new. Now we cannot avoid them. We now
introduce the space C” of vectors with n complex components where the length
is computed differently. For example, the length squared of the vector in C2
with components (1,i) is 12 + |i|* = 2.

Before we get started, we need some preparations.

Proposition 5.1. (AB)? = BH AH
Proof. We have (AB)T = BT AT and its conjugate gives (AB) = BH A",

(AB)" = TAB)" = (AB)T — (BTAT) = BT AT = B' A% — pH A"

Definition 5.1.
o A matriz A is said to be Hermitian if A7 = A.
o A matriz A is said to be skew-Hermitian if A7 = —A.
o A matriz A is said to be unitary if ATA = AAH =1T.

Remark 1. The new definitions coincide with the old when the vectors and
matrices are real. Thus we may view Hermitian matrices as the complex ana-
logue of real symmetric matrices. Similarly, a real skew-Hermitian matriz is a
skew-symmetric matriz. A real unitary matriz is an orthogonal matriz.

5.4 Complex Matrices

In this section, we study matrices with complex entries and look at the complex
analogues of symmetric and orthogonal matrices.
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5.4.1 Unitary Matrices

Proposition 5.2. Multiplication by a unitary matriz U has no effect on inner
products, angles, or lengths:

|Uz|* = 27U Uz = |||

Proposition 5.3. IfU is unitary, then every eigenvalue of U has absolute value
[A\| = 1. That is, A = cos @ +isinf. If Q is a real orthogonal matriz, then there
also exists |A\| = 1, which gives A = £1.

cost —sint
sint  cost

The orthogonal eigenvectors are © = (1,—i) and y = (1,7). (Remember to
take conjugates in vy = 1+i% = 0.) After division by V2 they are orthonormal.

Example 5.1. U = [ } has eigenvalues et and e~*t.

Proposition 5.4. Annxn matriz U is unitary if and only if its column vectors
form an orthonormal set in C™.

1 1 - 1
1w - wht ) )
_ 1 _ F t
Example 5.2. U = 7. . ] . — %nmam
1 wn—l . w(n—1)2

The complex number w is on the unit circle at the angle 6 = 27 /n. It equals
e?™/m = cos (21 /n) +isin (21/n). Its powers are spaced evenly around the unit
circle. That spacing assures that the sum of all n powers of w-all the nth roots
of 1-is zero. Algebraically, the suml +w+---+w" ! ds (w™ —1)/(w—1). And
(w™ —1)/(w —1) is zero.

1
row i of UH times column j of U is 7(1+W—|—W2+~--+W”_1)
n

wrt -1
:7:0
w-1

In the above case, W = w’~*. Every entry of the original F has absolute value
1. The factor \/n shrinks the columns of U into unit vectors. The fundamental
identity of the finite Fourier transform is UMU = I. Thus U is unitary.

5.4.2 Hermitian Matrices

Hermitian matrices have many nice properties, as we shall see in the next propo-
sition.

Proposition 5.5. If A = A" | then for all complex vectors x, the number x™ Ax
is real.

Proposition 5.6. If A = A" every eigenvalue is real.

Remark 2. If A = —A" is skew-Hermitian, then the number x Az is purely
imaginary and all \; are purely imaginary.



5.5. SIMILARITY TRANSFORMATIONS 151

5.5 Similarity Transformations

5.5.1 Change of Basis = Similarity Transformation

Definition 5.2. Let A and B be n x n matrices. B is said to be similar to A
if there exists a nonsingular matriz S such that B = S™1AS.

Proposition 5.7. Let A and B be n x n matrices. If B is similar to A, then
the two matrices have the same characteristic polynomial and, consequently, the
same eigenvalues.

The similar matriv B = M~'AM is closely connected to A, if we go back
to linear transformations. Remember the key idea: Every linear transformation
is represented by a matrixz. The matriz depends on the choice of basis! If we
change the basis by M we change the matrix A to a similar matriz B.

Theorem 5.1. Let E = {vy,...,v,} and F = {wy,...,w,} be two ordered
bases for a wvector space V, and let L be a linear operator on V. Let S be
the transition matriz representing the change from F to E. If A is the matriz
representing L with respect to E, and B is the matrix representing L with respect

to F, then B = S™1AS.

rlllr = rlle ellle ©llr
B = S

5.5.2 The Jordan Form

Theorem 5.2. If A has s independent eigenvectors, it is similar to a matriz
with s blocks:

Ji
Jordan form J=M"1TAM =
Js

FEach Jordan block J; is a triangular matrixz that has only a single eigenvalue \;
and only one eigenvector:

The same \; will appear in several blocks, if it has several independent eigenvec-
tors. Two matrices are similar if and only if they share the same Jordan form
J.
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Example 5.3. T = {1 2] and A = [2 _01] and B = {1 O] all lead to

0 1 1 11
11
)

These four matrices have eigenvalues 1 and 1 with only one eigenvector-so
J consists of one block.

v sl 1 <l ]+
S I I O R

- [ AT R A

and then M~ 'TM = [1 1} =J.

0 1
01 2 0 0 1
Example 5.4. A= |0 0 1| and B= (0 0 0].
0 00 0 00

Zero is a triple eigenvalue for A and B, so it will appear in all their Jordan
blocks. Then A and B have three possible Jordan forms:

010 01 0 00 0
Ji=10 0 1|, J=10 0 0|, J;=1]0 0 0
00 0 00 0 00 0

The only eigenvector of A is (1,0,0). Its Jordan form has only one block, and
A must be similar to Jy. The matriz B has the additional eigenvector (0,1,0),
and its Jordan form is Jo with two blocks. As for J3 = zero matriz, it is in a
family by itself; the only matriz similar to J3 is M~10M = 0. A count of the
etgenvectors will determine J when there is nothing more complicated than a
triple eigenvalue.

Example 5.5. Applications. In every case we have Jordans similarity: A =
MJM™1, so now we need the powers of J:

AF = MJFMT

J is block diagonal, and the powers of each block can be taken separately:

k

A1 o0 Ao RARTL S (ke — 1)AR2
N _ k k—1
(J)" =10 X 1| =1]0 A kX

0 0 X 0 0 Ak
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This block J; will enter when X is a triple eigenvalue with a single eigenvector.
Its exponential is in the solution to the corresponding differential equation:

e}\t te)\t %th)\t
eJi,t _ 0 e)\t te)\t
0 0 et
Here I + Jit 4+ (Jit)? /2! + - -+ produces 1 4+ At 4+ A2t2/21 + --- = M on the

diagonal.

5.5.3 Diagonalizing Symmetric and Hermitian Matrices

Lemma. There is a unitary matric M = U such that U AU = T is triangular.
The eigenvalues of A appear along the diagonal of this similar matriz T.

Proof. Every matrix, say 4 by 4, has at least one eigenvalue A;. In the worst
case, it could be repeated four times. Therefore A has at least one unit eigen-
vector z1, which we place in the first column of U. At this stage the other three
columns are impossible to determine, so we complete the matrix in any way
that leaves it unitary, and call it U;. (The Gram-Schmidt process guarantees
that this can be done.) Azy = A\jz; column 1 means that the product Ul_lAUl
starts in the right form:

Al ok %k % A1k K %

o 0 % % x 1 I U
AU, = U, 0« % leads to U; “AU; = 0 o % %
0 % * % 0 * *x =%

Now work with the 3 by 3 submatrix in the lower right-hand corner. It has
a unit eigenvector xo, which becomes the first column of a unitary matrix Ms:

1 0 0 0 A1k ko k
0 _ _ 0 Ao * %
U= |, M, then Uy, H(UT AU U, = 0 02 .
0 0 0 =x =x

At the last step, an eigenvector of the 2 by 2 matrix in the lower right-hand
corner goes into a unitary M3, which is put into the corner of Us:

Al ok % %
UL (U U AT ) U = |0 A2 F f o
3oz ML AMIERIES 0 00 Ay ox

0 0 0 =«

The product U = U,U,Us is still a unitary matrix, and U~ 'AU = T. O

This lemma applies to all matrices, with no assumption that A is diagonal-
izable.
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This triangular form will show that any symmetric or Hermitian matriz-
whether its eigenvalues are distinct or not-has a complete set of orthonormal
eigenvectors. We need a unitary matriz such that U~ AU is diagonal. Schurs
lemma has just found it. This triangular T must be diagonal, because it is also
Hermitian when A = AH:

T = (U A =UH AU Y =UTAU =T.

Theorem 5.3. Spectral Theorem. FEvery real symmetric A can be diagonalized
by an orthogonal matriz Q. FEvery Hermitian matriz can be diagonalized by a
unitary U :
(real) Q7 rAQ=A or A=QAQT
(complexr) U YAU=A or A=UAUY

The columns of Q (or U) contain orthonormal eigenvectors of A.

Example 5.6. The spectral theorem says that this A = AT can be diagonalized:

01 0
A= |1 0 0| with repeated eigenvalues \1 = Ao =1 and A3 = —1.
0 0 1

A =1 has a plane of eigenvectors, and we pick an orthonormal pair x1 and
To:

1 1
1
x1=— |1| andzo= |0| and x3=—= |—1| for A3 = —1.

\/50 1 \/50

o

These are the columns of Q. Splitting A = QAQT into 3 columns times 3
rows gives

010 % % 0 000 3 -3 0
A=11 0 0l=X|3 3 O[4+X|0 0 0| +X |[-3 5 O
0 01 0 0 0 0 0 1 0 0 0

Since \1 = Mg, those first two projections x1z¥ and ozl (each of rank 1)

combine to give a projection Py of rank 2 (onto the plane of eigenvectors). then
A s

01 0 1L 1 % _% 0
_ _ it o

1 0 O =\P+XP5= (+1) 5 3 o + ( 1) 5 5 0

0 0 1 0 0 1 0 0 0

FEvery Hermitian matriz with k different eigenvalues has a spectral decompo-
sition into A = M\ Py +- - -+ M\ P, where P; is the projection onto the eigenspace
for \;. Since there is a full set of eigenvectors, the projections add up to the
identity. And since the eigenspace are orthogonal, two projections produce zero:
P;P; =0.
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5.5.4 Normal matrices

We are very close to answering an important question, so we keep going: For
which matrices is T = A? Symmetric, skew-symmetric, and orthogonal T'’s are
all diagonal! Hermitian, skew-Hermitian, and unitary matrices are also in this
class. They correspond to numbers on the real axis, the imaginary axis, and the
unit circle. Now we want the whole class, corresponding to all complex numbers.
The matrices are called "normal’.

Definition 5.3. The matriz N is normal if it commutes with N :
NN# = NEN.

Normal matrices are exactly those that have a complete set of orthonormal
etgenvectors.

Proposition 5.8. If A is normal and Ax = \x, then A%z = \x.
Proof.
(A=Xz=0
I(A=AD)z]|* =0
(A=XD)z)" (A= XD)z) =0
T (A= AT (A=AD)z=0
T (A=) (A-ADTz=0
2
H(A —aAn” mH =0
(A" =X1)al* =0
(AH — XI) x=0
O

Proposition 5.9. If A is normal, Ax = \x, Ay = py, and X\ # u, then x is
orthogonal to y.

Proof. The proof starts with A%y = 7iy:
)Ty = (Aw)y = 2" ATy = 2" (my) .

The outside numbers are Azfy = fizf’y. Now we use the assumption that
X # u, which forces the conclusion that 7y = 0. O

Theorem 5.4. For such normal matrices, and no others, the triangular T =
U~'NU is the diagonal A.
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Proof.
1. If N is normal, then so is the triangular T = U~ 'NU:
TT" = U 'NUU"N"U = U 'NN"U,
THT =UYNHUU'NU = U'NENU.
2. Also a triangular T that is normal must be diagonal. (Compare the

entries of TTH and THT, and show that if they are equal, then T must be
diagonal. O

Similarity Transformations
1. A is diagonalizable: The columns of S are eigenvectors and S™1AS = A.

2. A is arbitrary: The columns of M include "generalized eigenvectors" of A,

and the Jordan form M~YAM = J is block diagonal.

3. A is arbitrary: The unitary U can be chosen so that UPAU = T is
triangular.
4. Ais normal, AA" = AT A: then U can be chosen so that U'AU = A.

Special cases of normal matrices, all with orthonormal eigenvectors:

(a) If A= A" is Hermitian, then all \; are real.
(b) If A= AT is real symmetric, then A is real and U = Q is orthogonal.
(c) If A= —AH is skew-Hermitian, then all \; are purely imaginary.
(d) If A is orthogonal or unitary, then all |\;| = 1 are on the unit circle.
article graphicx derivative amsmath physics amsthm ragged2e blindtext
enumitem stepsenumeratel [steps, 1]label = Step 0:

Chapter 6
January 2024

Introduction

This section is connected to the signs of the eigenvalues, and the signs are
crucial. With the signs, we can figure out the minima or mazima of the
function, thus solve the problem of optimization, which is of practical use in
engineering and science.

6.1 Minima,Maxima,and Saddle Points

1. Basic forms

The first example in the textbook includes some partial differential equa-
tions, which may seem a bit unfamiliar to those who haven’t learned it in
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advance. But once you grasp the method of calculating them, you’ll find
that the form:

2f$2(0,0> fa:y(0,0)
fxy(0,0)  2fy*(0,0)

is actually the same as the quadratic form:
f(z,y) = ax® + 2bxy + cy®
which is associated to
i
b ¢
but note that the first one is 2 times of the second one.

2. Figures of the quadratic form
After knowing this, we can then start to define the shape of the function.

o A bowl: (Also know as mazimum for a <0 or minimum for a > 0)
b’ < ac

o A saddle:
b2 > ac

o A walley: (Also known as the singular case or degenerated case,
which includes positive semidefinite and negative semidefinite)

b? = ac

Proof:

2b b? b?
f(z,y) = az® + 2bzy + ey’ = a (mz + —ay+ 2) + (c ) e
a a a

8. Turning quadratic form into matriz

Ezample

Example 5.1.

flz,y) = 2? — 102y + 5 = [ﬂ [_15 —15] [ﬂ
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6.2 Tests for Positive Definiteness

1. Positive Definiteness

they are listed on the textbook very clearly at 6B, and the proofs are evident,
there is also a fifth one which is

symmetric matriz A is positive definite if and only if there is

(V) a matriz R with independent columns such that A = RT R the form
can be written in many ways:

A= (LVD)(LVD)"

A= (QVMN)(QVMT

A= (QVAQT)(QVAQT)T

it depends on how you want to split the A up

now that we have learned the fifth test which could help us write the matriz
A in another form, there is another way for us to complete the square,
which is simply eliminating the matriz:

Ezample
Example 5.2.
try to complete A = 222 + 2y% + 222 — 22y — 2yz into a square
Solution1:the algebraic way
A =222+ 2% + 222 — 22y — 2z
2
(z—3y)" + 3y? + 222
2 . 2
(e —2y) +3(y—3) +2°

2
2

we complete one square at a time,there are also many other ways ,you can
search them up on some Chinese websites for the postgraduate entrance
exams, but the second way is much easier. Solution 2: the matriz way

2 -1 0 1 0 0]f[2 0 0]t -3 0O
A=|-1 2 -1|=|-3 1 0|0 2 o]|0 1 -2

0 -1 2 0 -2 1/[0 0 3]0 0 1
so we get T Ax = 2T LDLT 2
and when we do matriz multiplication for

r— iy
o = LTr = |y— 52| we find that the new entries in xz’ correlate to
z

the completed square, and the coefficients correlate to the entries in the
diagonal matriz D
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A =222 4+ 2% + 222 — 22y — 2y2
=T Az
=2'T Dz

2 2
=2(z—3y) +3(y-35) +22

2. Positive Semidefiniteness

6D Each of the following tests is a necessary and sufficient condition for a
symmetric matrix A to be positive semidefinite:

(") xTAx > 0 for all vectors x (this defines positive semidefinite).
(I') All the eigenvalues of A satisfy A; > 0.
(IIT") No principal submatrices have negative determinants.
(IV") No pivots are negative.

(V') There is a matrix R, possibly with dependent columns, such that A = RTR.

note that a principal submatriz is a square submatriz obtained by removing
certain rows and columns

3. Negative Definiteness

II. Tests for Negative Definiteness
B RAR Y EXIFRAERE, W5 s
S
(1) xTAx Zfe kA (RARSEERE) ;
(2) A B nPHHEAEA A - 4 BN T2,
() AWy nAEIL d,, d,,--, d BINTFTLATERR);
(4) A W35 W7 7 BN T2, BRI
EFRIBRTZF;
(5) FAEW MR, F154= -R'R.

it is quite similar to positive definite, and the forth test is to ensure that
upper left submatrices Ay has negative determinants

4. Law of inertia

We have already elementary operations and their invariants on matri-
ces.For instance, the row space,the nullspace,the rank,the determinant wont
change when a multiple of one row is subtracted from another row. And as
for eigenvalues, the similar transformation is the basic operation, which
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leaves the eigenvalues unchanged. So what about the elementary operation
and its invariant for xT Ax?

Definition (1).

We say two symmetric matrices A and B are congruent if CT AC = B for
some invertible C.

Theorem (1).

Suppose A and B are two congruent symmetric matrices,then they have
the same number of positive, negative and zero eigenvalues. Remark: the
same number doesn’t mean the same eigenvalue

Application (1).

Finding out the right quadratic surface through elimination (in the exam
paper)

First let’s have a look at the six basic quadratic surfaces:
Ellipsoids: a*x? + b*y? + c*2% = 1(a,b,c>0) (tips:no negative sign)
Hyperboloid of one sheet: a*x? + b*y? — 222 =1 (a,b,c>0)
(tips:one negative sign)

Hyperboloid of two sheets: —a?x? — b*y? + c*2% = 1(a,b,c>0)
(tips:two negative signs)

Elliptic paraboloid:px® + qy® = z (p,q the same sign)

Hyperbolic paraboloid:pr® — qy? = z (p,q the same sign)
Cones:a’x? + b*y? — 222 =0 (a,b,c>0)

So when we meet a quadratic form, we can turn it into its matriz form,
eliminate it to its diagonal form, and finally find its quadratic surface
easily.

Example 5.3.

f(z1,20,73) = 23 + 23 + +23 + 42179 + 42123 + 42273 determine the type
of the quadratic surface f(x1,x2,x3) =2

Let
1 2 2
A=12 1 2
2 21

and
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then,we eliminate A into
1 0 0
A=10 -3 O
5
0 0 -3
we get 1 positive pivot, 2 negative pivots, so it is a Hyperboloid of two
sheets

What if the diagonals are all zero?

1 1 0
Here’s a trick: we multiply the matriz A with |1 —1 0| on both sides,
0 0 1

which will give A non-zero diagonal entries,then we continue the two-sided
elimination process.

Example (1).

flx1, @2, x3) = 2x129 4 22123 — 6223 determine the type of the quadratic
surface f(x1,x2,23) =1
First we let
0 1 1
A=11 0 -3
1 -3 0

Then we use the trick of getting diagonal entries,

1 1 0 1 1 1 1 0 2 0 -2
1 -1 0/ 0O -3|(1 -1 Ol=(0 -2 4
0 0o 1|1 -3 O 0 0 1 -2 4 0

2 0 0
0 -2 0
0 0 6

it is a Hyperboloid of one sheet

6.3 Singular Value Decomposition

Definition:

The singular value decomposition of a matriz A is the factorization of A into
the product of three matrices A = ULV T where the columns of U and V are
orthonormal and the matriz D is diagonal with positive real entries.
Here is a direct image of what SVD should be like:
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01
92 orx (n-r)
Amxn Umnxm oy | (Vaxn)
o(m—r)xr O(m—r)x(n—r) mxn
(orthogonal) (rectangular diagonal) (orthogonal)

where a4, 05, -++, 0, are the square roots of the nonzero eigenvalues of
both AAT and ATA.

¢ U: the columns are orthonormal eigenvectors for AAT.

& V: the columns are orthonormal eigenvectors for ATA.

Remark
Remark 3. For complexr matriz, 3 remains real, but U and V becomes unitary

Remark 4. U and V give orthonormal bases for all four fundamental subspaces:
first r columns of U: column space of A

last m-r columns of U: left nullspace of A

first r columns of U: row space of A

last n-r columns of U: nullspace of A

Proof. For U:

AAT = uxxTuT

since X7 is an m by m matrix with 0262 on its diagonal, also the eigenvalues
are in descending order, then the first r entries are real numbers, and the the
rest,which is m-r are zero.
Relating to A = QTAQ, we get:
first r columns of U: column space of A
last m-r columns of U: left nullspace of A
and the same goes for matrix V
O

Remark 5. The SVD chooses those basis in a extremely special way, which
is more than just orthonormal. This can be shown in the way we factorize the

SVD as follows:

How to do the SVD?
Using At A to get the the square of ¥ as well as the eigenvectors of V.

Av,
We use the formula =2+ = u;
J
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Example 3 (SVD) LetA = [_01 _11 (1’ .
1 -1 0
Then 44" =% T, aTa=|-1 2 —1].
0 -1 1

The eigenvalues of AAT are 3 and 1, which are also the non-zero
eigenvalues of ATA. So 0; = V3, 0, = 1.

Finding three eigenvectors of ATA gives rise to

[ 1 1 17
V6 V2 V3
2 1
V=|—-—— 0 —|=[V1 V2 V3|
e 7 [ ]
1 1 1
V6 V2 3l
Two unit eigenvectors of AAT are
-1 L
Avy V2 Av, V2
= o E 2= o2 1
V2 V2.

Thus U = (] P 1]

(O v EE T T

N
Now X is a (2 X 3)-matrix X = [\? (1) 8] , it is easy to get that

A _z 1

3 6 V6 V6

_[-1 1 0]_ T_i_11[300]_i 1
A_[O -1 1]_UEV _\/5[1 1] 0 1 0 12 (1) Vlf
V3 V3 3

notice that you should not change the sequence of the steps, this is because of
the special way SVD is formed, otherwise, the signs may be wrong.
Application of the SVD

1. Image processing : Throwing away significant or extremely small eigen-
values.

2. The effective rank: Using AT A or AAT to get the squared singular values,
the eigenvalues wouldn’t be misleading. And then we decide a tolerance
like 1079, and then count the singular values above it-that is the effective
rank.

8. Polar decomposition
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A=UxvT = wvTh(vevT)

A=QS
or the Reverse polar decomposition:
A=5Q

So how can we use the polar decomposition to solve problems? Here is an
example:

Example 5.4. Use the QS decomposition to factorize the following matriz
1 =2
5

Solution:

The normal way of getting the QS decomposition is to first solve the SVD
to get the U X and V;

However, if we try in this way, we’ll find that A = Lf\/gor% and
the rest of the computation will be quite disturbing; but there is another
way, which is to factorize by QS itself:

ATA=5TQ"Qs = 5"5

Let S = [a b] then
c d
2 2
T _ oT o a +b O/C“r‘bd _ ].O _5
A"A=5 S_[ac—i-bd A+d?| " |-5 5
which gives us
a®+b> =10
ac+bd = =5
AA+d*>=5

it is obvious that there are four sets of answers:

a=3
b=1
c= -2
d=1
a=3
b=-1
c= -2
d= -1
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and then we get Q = AS™1

and so the factorization is done

a= -3
b=1
c=2
d=1
a=—-3
=-1
c=2
d=—-1
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