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5 Set Thearﬂ %,11%
Petinition A Se‘r /4 oany collection a‘f‘ obJaTs
§sQleTvn#7v¥1 Onlj one element,
Ph L AR, PR SR, I RELER KRKA
rDeTiniTion H ony element of o set A s olso on element of 0 set B»,‘1
then we son A & o subset ot B,
A CB means : ¥Xep > xep :
»’B.~-/mtma w%m%mm AcB, BcA:;A B
i X v PAE
Pfopw subset -ﬁ&ff A % 6 proper SubseT v'f B means
Z VXeAd xeR" and ~ Ty €B such that Yy A"
7:31’1/1 \Tion  The elements 0'{‘ Pﬂfver set\PtX) ore the subsets vf X
 Sometimes the power set s written 2%, |
P(X) & never emt).
DeP(X), XeP(X). XeXe fxlePlX). YcX O YePl)
g1 P@)= {91, PCD= .o,
’Tmt.on Unign: AUB= f)( XEAU”)&V&f
Laws ®OAVB:BUA @(AUB)UC=AVIBUC) GAVA:A QAUP=ACPN
E%’[in!'z’?on Intersectiont AOB={x:Xxep M ﬁ
Lows: DAOB=B0A O(AOB)NC=AN(BNC) OAOA=A QANP=P( PLp)
Distribution Lanws: O AN(BUC)=(ANBYU(ANC)
@pUMBne)=(AUB NAUC)
@Au((1e)=1(rUB)
O An(UB)=U(AOB)
pot: @2 YXEAN(UB1) > XeA, xel) B; > 3 lo, such AT XeBy,
> RePOBL > Xe ) (A OB

ﬁ
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Z_T’:fim"ﬂm Pifterences(\ or =) : A\R{X: Xep ond X ¢Bf;
{bq"‘fm"r.‘-)/\ The aifference of The universal set L ond A & called
the mplemen-r it A and denotedd by A°, le.
A= fx:x€A] A= A
(Nove: 2 4 70 % 3 Bt 1 § AR AWE)
L A=A Keq and xEAT= [x:X¢A | snce Xen B always Trve.,
Lows: @ (A9) %= fx k¢ A [= [x: XEA]
@@= (X K¢PI=81
®acfx:K¢aj=9
De Morgon's Laws : ( Important !11)
(AUB)= A*NB° -frs%mﬁﬁ/zrm??‘
(ANB)®= A*UB® ZEIAY T4l 63

‘-"‘f"‘”!l & prood : Y KE (,Ql As)" .
'('Q‘A'k)( 2 y'ék > K¢ LA NP
(K A) =QA'= = Ay - KEAL
b el SR 7 Xe YA
(A= U Ak Y xe U as

(UM = O e T}\/"\ o A ks 5. Xe A 2 AE A 2 Xl AL
a?é-(inf-rﬂm A,v'f(",""r'\"ﬂ or map. T from Xt YEo rule which, for each
element of X, specifies exactly on element of Y. We write
kY o )(a\f ’ﬁ""f“‘/ avj- T: X2Y, X fw) ﬁ«tm;:‘?éﬁ%

The set x i colled the doleh of 7* g denated dom(t). ord Y
i the cocfomam of f. Finally. j 1

im(t):= fyeYi@ke X, st g=fw]
Is called the image of (32
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"f_?f S g S yci Meq ] { RPM covelFi A G &Y .
;uv;‘er_-rove SRR 1—( :m(f) =Y, ( onto)
injective -?—ﬁgé‘a It T = Tlﬂ) implies X=y for all Xinex; (one -0~ gne)
buecme RREA: If & both surjective and /mec:rwc(mmo -ne carrg?pdew:
DePnition Let T: K3V and g:Y>V be two maps. Then ne define a
new mop gof, the eomposition'of + ond g, by
O KV X gt w)
Laapartont:
(&) The mop Iy : X=> X, x=>X s the jdlentity map (6t X). Ix sometimes’
wiritten for T,
(b) If XCY, then [t X>Y, Xox & Called 'rhe mcil)mtma%)( m‘fa
() If f:X>Y ond ACX, then Fla:A>Y, X'—)'flx} s The restr :jc'mm of
T fic A. Clearly ﬂrf@/\*x (2t
2 AEE /s 7 p ll,/r’\~*'CJ€7 118 e /H,\.'&
!P:,L-n( on Let £ X>Y be b:de,c'rwe, Then the inverse -fw\c-rmv( il
T of £ & the unique function £7: Y2 X such that fof™= Ty cnel
‘f °f =T«
“ prop: Le’TT X>Y ond E Y-V be biJec’hve. Then ge ‘f X2V i b:leme,
ovw( CQ £)7'= A7 q™ . i g 4F A

Jetiniion Let £ X>Y be a function ¢ @ b&
’\al

|
—

‘aattbbaa)aocoWQoW

-~ f7(c):= fxeX; fwe Ci Mg ()
® ' kool ihe pre- imagine! of C und T (M) cp
” /\que Pr@, ,maj'(, ol/wa\gs 6)(FT$; /W'r \L{MJ "'( A})JA
g SR A (KR T(T*(A”:A Jes ol
+(F = §
?ur 0 mop ‘f X-?X T £ (7)) € -.’—f )
y eqs f:R7R Jfun =
3 : = sl e ‘W%?
AR, 1 (/\)—LO B SN I 1 a0 Y SR B UINSL
D wam%?f n A o |
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lh&omm Le’r E f(a-,ou,--- ) On= Uarll Then E i t'mcaunﬁ\ble.
Prct: ABRILE G4, AP 68410 T R 3o 45 91 5
o2 (KK =), Kao (K, X, ), o
Detime on element YE Yoy )bﬂ
g.—f? );,0 Hy A AL A Y 2 69 188 700~ 16

Then yeE but y#Xi for om) ieN, Ths 3 a conTradliction.




Meftric §pacés REZLN
555 (prh): o, (xop = (5 Xi-y1DF
Convexfhé3: © f:[a. bJ-éR 15 eonvex if F((=-AM A A <U-2)T00 +)fly)
@ A set ECR" s convex T ANt G-A)y e E whenever
KeE, ye €, and 0< )\ <|
¢ It f B Twice differentioble and "0, then fis convex.
4/ R X B - For liy-xl<r, Hz-xh<r, ondocx<l,
WA+ (1-MZ- X = A Y=%) + =2 2-K)I]
S ANY-Rl+ (=M nz2-x
: ‘ SAFHU-Nr =y
i?xn;ﬁm A ‘metric space 3 o por (X,0l), where X i ; get ond
A: XxX > [0,0) for all X, 2 € X has the -fauowng properties:
- (Postinty) dixyp =0 & X=y. -~ -
2- (ﬁqmme'fg) dixy) = oty x)
3. ( Triangle inequality ) dixy) sdix,2)+olcz,y)
A function o : X* X = [0, ) that satixties these oxjoms & collesl o Olistane

;_—fanc‘r.‘oh' on X.
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g , K=y - ‘I"\Tﬂf “‘I

;;.‘,_z‘:r m ;".f,_:,i] ;n dlx;n)— f ‘f“’j also knvwn as the Trivial metrie,

‘fhelﬂg};a;”ei (X, d) 3 &/leaf The dlSCrd'e meTri space -

MiakowsKi’s jne U liTy « For arbc‘rmg aomple_,( numbers X, - X Y- W.WF)IO
$|x1+g,|')"*< (£ )P+ (Sma")? )

inition A subset Uc X of g me'rnc space (X,d) I colled gpeniif . fir )
every K€U, there exists o canstont € 20 such thot The open | baH
, ,e)is : IR T B ¥ ﬂ;?n A %
: B(X 6) fﬂédeU‘ﬂ)<i{ WV «f)“] B‘i%”[ﬁ ‘
(centered o X with.rmdiug €) is contamed in- U 3§ 06% 4 LAy S0

W'J;'I%wﬁd«jﬁfb@m_(fﬁ;ﬁsm1‘\l_1 o o s

—







"”J11 ’»i (v'(L“ E‘/’j::

afE 744 l%}?
“]haorem fpka Mm‘T pont of o set £, then for any 1 20, B(p.r)

5
Detition H X is o metrie space, EX, EV dlendtes the set f oll lint

Thegrem H X B a meTric space ond E € X, Thea

Iu) E i daxcd Pf every lhmf pont sf tkBo pomt v'f'E
M T ect M EdesedandrfM&rmeﬂvftéalw‘rr?m‘
(t:%‘ ol f"( J'

“eontais infinitely many poxts of €. (%5 5% HIGEE RQu—t
B(p.ONEFL P ShEIL, 5= mmd(p.qu)., B(ps)ﬂ(E/fP()-fp A np
Ak B0 Ms FA3 VIR L g R DA e
Carvliany W (A fimite pomt cet has no Ium'T_Ws
Thearem A set E i pen i‘f ondl onlﬂ rf 15 CAmpDlement 3 Mora{
(€ E°closed. Chuse W el, MY ¢EAAXLERE IR KL, TX &2
BUwrNE =@, ZTB(r) CE. TP € open.
= Copens Lef x X e gy ke r, @t w Blor) - RELE R, #Y
(A E Ry, Lo, o gt ERHERS po o )

|

ponts of T in X, then the closure of € i3 The set E=EVE’

(@) E I closed Bp.m cl®)°
(I pexX ond pgE<EUE', hence . Bp, N NE=¢ . The Complement
of € is therefore gpen, Hewce T is closed .
(b) E=Z if ond only if € is clesed .
((Becouse T is closed, £2E > E closed: If T 3 chsed, E'CEs hone
E-%)
(c) EcF for L1 closed seT FCX such thotr &cF
3. E- tUl: EVJE = the set of all adherent pommts
2 BUE cE LB TADA LVE = vt
% V(eé \ "f X_‘fvbr. Qim: ,)(QB .
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(eE's (BLurOE b mmﬁ«m set > Blur)OE+ ¢
XEBr), X¢€ > Blur)ng-#9
Hone {€dE
& L UEC EVE'

¥ KEdE, IPXAE (am: X €E')

LB OE+9, X¢E

SBOLR) AE[X5)= By )N E#+

Hene XeE'
Pop. ®UC X & pen & U ts the union of o family of gpen balls.
{ © Yc K, VCY s gpen in Y& 3 gpen set VX such that V=UnY
PelmiTion Lef: Elka subset of R, ag,d M be.a rea/f humber. We soy Thaf!
M 2 o 'least upper bound for E Hf (o) M B on upper baund for E. ond
olso (b) any other upper bond M' for E must be lorger Than or egual To M
The (east uper bound of o set € i3 deaoted by swpl. - g
Thevrem. Let € be & nmempty ser of real numbers which is baunded obne.
Lef g]r—SupE Then YEE , Hence yel if € is closed .

3\

Depiniton Suppose B EYCY, vhere X i8 & metric space. We say that
G 3 vpen relative fo Y if 0 each pet ther & an r>0 such tht
BpNYcE

Theorem. Suppose Y'C X . A subser E of Y & open relative To Y ¥ ond m@
l'f = Yﬂ G for some gpen subset G of X.

-A\ ,4‘.‘~’:

By on gpen caver of a set E m o metriz space X e mean a'

coﬂe::mn fcm{ of gpen subsets of X suh tht ECUaGa. i
© A subset K of a metrie space X & said 7o be aonvmrrf ovog

Opeﬂ cover If K wontaims o finlte Subcever.

V k¢ ‘Cw,u , U,C”‘“,’ % .,ﬁf, 7 ‘, 7"?-_ /f/x‘u-nln G
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® X8 (Ampact & X is camplere and Tatally bounded
e ﬁﬂiﬁ%i"kﬂ'#—:f—%a b ATk T T RE

%
BB Lemmas A subret & vf(X,d) ¥ eliged'e phenever (Xn) C.E with a2 K if
@ ol et xeFL A (e ¥ E A
@ (% Llet (B koK, HPXIE> xaEe
TEhen L ABUACE fr F>0 > BN E=¢
6 Contdicts to KaZX
@ & pim: E'CE A% A4 45 % f1Fiat 7
6 ¥Xet' (R limit pnt K X )~ I (X"}e'é, w\T*n X"*’X P> xek
@  Hee E'CE, € is closed -
@ 3 efinition §ub4¢7ucnce(&ﬁ?")) f’/‘/x‘ii?/‘f ﬂ@fi Hideid ik
@ W4T %‘?{ﬂﬁﬂﬂ’i—iﬁr\mﬁﬁb]ﬂ 1P rp,,,( Converdes, B limtt 3
® LCJ\““‘ a SubSQ:"ucn"ﬁbl [imit of fPaf. % %}:{_uﬁr ‘E;., WX‘fXZW e d
=iy [P f”? 1 eon| subsequesce 3f fpuf >p..J
@ Complere 5587 A metric space (Xid) is colled OOMplcfe I-r every Couchy
[} gequenw m X canverges, ( For ong 0 €N, R I canplete; all compact metrc
'@  [hetrem (a) In oy metric Space R, exery conveg s{’r '“én}'e Yo
P S aw\agm&&w AFLART 55
6 (b) Ler (%) be o C?:bhﬂ sequeuc in (X, 01)17‘J 3 (%ne) € (o) omd x €X MTI'I
'Xlnr""x- Wﬁ" ﬁv"’aﬁ ‘ AR TR JL ,'o.‘
@ ((mletweX, Vero TN d(xn,x)<ifw neN. s
@ W nim» N A (aiKe) Sod (Ka, K) 4 A(XmiX) <€ 2 .‘
@ Hence, (Ya) 1s. Couchy o
P () ¥¢>0 '{

D (X)) 1 Cmohj

=2 N4t o(()(.,x.‘)<-f’-  for minz N,

knerxs K st d(Kny KIS, foc k2 K

Let N= mak (Ni, K) NN, ad N2k Dy i N2

I,fn>N d(x.,x)<d(X».X"N)"'d(Xu~:x)<§"f§ 2 ' . KDKUYO
Henee , ')(n_gx Ny >N ﬁi Z\S!ﬂ-ﬂﬁ

D 92 9%
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Date

[opotogical boses *:)ﬂ{ A oollectmn fVal of open svbsets of X 1 10
;é}?;e‘-?w:")ﬁ(_'r-r, for every e X and eveny gpen set (e X s %0,
we have e VacU for some R. T grher wonds, every open ser n %
B the uniwn of @ subcollection of {Vii.
Theorem
Let (X,d) be o meTric space. The following owve equivalent,
i) X B compast.
) An.ﬂ sequence M X hog o Convergent subfeQumce.
i) | T complef(. and Totolly bounded .
pt: (0> (i) We com find & finite ‘subsequence C this sequence.
fimy rfinite subsequence fos o limit pot > It & canvergent.
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Numenca! Sequences owl Secies ﬂf’]ﬁ'&&
’: stiaition The sequence f0a] convergesita The number L if for cverj
Posrrwc rmber ¢ there corresponds an hfa&r N such That
o lan- L[ <¢ nhenever n? N R
.'b:T;,m:;A The sequence. fonf diveryes To mfmity o foc every number )
M there & an integer N such 1hoT fov all n larger than N, aa>M. Tf
this condlition holds we write

h‘m Gnz=te Or Qu>%
110 for eveny number m there 15 an mTeger N such Thet Tor ol n>N- e
have Qasm. tThen we soy fa.f"dwaa % negaTie Wity ond e
% JtaOaz-0 0r Gu>-w
%:’T«‘nfT o R cequence {Sof af reml pumbers 3 sadd o be'
(@) monotonically increasing If SasSae (M=1:2,3,);

(b monstonically dara;mj rr SaZSam (A=H2,3,).
N — =

R

v vy
L]

(@) If M3 an upper boung for f0uf but no number less than M i an
Upper boundl for fOaf, then M B the fensT upper boundl' for fa].
(b l'r M o lower bound for fasf buT no number Jgreater Than m % &
) bower bound for fosf, then m B The ‘greaTesT [ovier boundd\for fau|.
Thearem Suppose 5.3 & manoTont. . Then {Saf COnve"S“ Pfand only Hf It is X
bou"deol
Fprot: suppose 55 CHMRRIERFAN)
= Supprse .t.'l‘.".&‘"' L. because fSnf i3_mongtonially ?ncrca»snj 2 Sa< L+
" $a7S > Sn€lS.LLt1] for ne N* 2 7S] i bounded.
& Ip 54 & bounded. let S be the ast upper bound of £Saf.
2 35 han ki
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Date
un]?"l, f/r:. " ‘L“" fia teb o= L, o) oo 0 =L (AR PR Ao d)2 4185, 2 % h
%M-%&@ 7% 'F%ﬁﬁ-}—ﬁﬁ'r/\%ﬁﬂfﬁw———
ot o7 -—>t,5,§'?j -al'mmf.- AR
‘-"\N-——\—- T "l '{’
w
al,Olu £ 7% é" >/ #’ .4" or” [‘-; [ Mian; av'{} #¢ f\-’//’{/
A3 Let 0 0s) 0, - dentte the sequence 2,3, 4,5, b, 75 2 (44
a' ‘a;,‘ . > 1P, 'fV'/fbo"" - {Ingfan"fw ..ﬁ F\( DJ /9 ]‘G"i
't OF, = > 12 3.4, —> "'M’l;;“f.ﬁnZ tv T L AT |\({4Al
320 MP(Gmwam sLSLT <5‘~P(a»)n.... . Y R SER AR
s R S 1 LA N7e 4808

pu< lim p Outg

T nZ2N. 2 34
fo-*{ B3Pl
Gin < Ot < limwiop Gt

Thesrem (@) I‘r P20, Then L,,"" neF =
CBYIf p >0, then [Yalp =|
) Jra'ln =
(NI p>0 and & i3 renl then 'lg:;n?:—;;o
(&) 11 IxI<|, then }¥2
wmn"ffm) SHNRBIE (M‘ﬂ) =£( )xgr = & (7)) Ky
Let K be. on Mmeger <.t Kook, k>0, for n¥2K
(1py" ;%(_)ﬁ 2 st 8

O< (_'EF)_" < Pl‘ n -‘/f»

Secause Ad-k<90, n “‘-90{;\.](00 L4k .

?\f& (HP)" 0 n-kty> 5
KOKLIYO

W'O%OO..“09000“.0000“}700“



7heorem Let L= lim ‘ux‘au - 3 v Ma itk
1) 2 () C(0n) with raOne =L ° 5L
0 H (On) €( Q) mh L'*M An =K. then X s .
(f'f i) For Ltl, 3 Ni st onsLtl. YnzN,
Gr LoV, for ™3 N, BN, s On 2A-
= A-I< Qn< At| = A-3< On <At3
We can find o subsequence (Ong) of (0w) 57. A-E<Om<pt%
Heue, pra O > A
ezt A
1'f L=, {04 | doesn't boundesl pbove =[] doosnt bounded
/o3 (Oag) €(Aa) WTh QO > TV
i) Suppose I (Ane) € () with [im 0@‘ EX2L
YneN*, 3 Norn o Ong 15 16T X=L1%
0t = 5108, Oun, +, O, G 1~ | 7 o > L
””®«¢*>mwﬁﬁifwﬂﬁimﬂﬂx E
I\Msup Qa= """ O 7 Lt5 . ConTeadition, )
PmpmrMn Then
DIf %>L, then IN st Gn<x, Yz N
M vel, YN =1, AnaN 41 Ou>K
(P-f 1) swppose fhere 3 On 7K . (Ne7nzN)
¥ ni OF =39pfan, Que,o~, Otne . [2X
> M Oazx 7| . CantradicTiva
1) Otherwise. AN 4. ?‘r nN . Then Qusx
Q"= 50D O, Doy, - [S K for n2N .
s <L . Contraciction . )

)y LA
AL

—
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A

L'J—T; x=9, Iéwv*; f a=toe, R=1.) .Thon ZCn2" Canveryes M I'ZI<@ , onoh
chverges i 12172R.. A vEi

Jialezy = (2] lim Jod = A2l A ) = (25 = R

de’.‘nh‘.‘m A series 20m "oqnve:acs abmlum\., rf The corr&spmdvhﬂ Series (7-,‘:”7
_obsolute walugs, 3 10al. Canverges. s
R 4% (%)

44 gla»l converges, Then ,;0. converyes.

pfr | 2.0e] S[E106| + Couchy eriterion

FD@T’.V»."I-\M A seres thot 1% Oonmgen'r but not absoluTeL»’ canvergent 3 ’
(@illed Conchitionally canverger.

¥ I " 2 Gny .
Qg K eoree 2 A % T e Rl e
R WYY

Theorem (

-3
> {
s
Therem kina (1t 7)"= e
(of: ot ey vty
o2 11 R () 141 S ¢t L.,
= 1411 31 (1= F)+ & - H) U=+ + HO0-FU- -1

Hence Tn < Sn —> lmhs_\;gtnse

Next, M nzm, TnZ)t1+ 5 (1-%) 1=+ g (1~ (1~ 7

Let nave, mfixed, 1MW 702 14145k 1ty > SmS e ef

Lettng m>w, o5 hm it 1,

Standwich therom = ia (117)"= e 3
Thesrem Given two sequence {0af, [ba. put An=§,0‘k it n20 ; pur A0,
Then, if Usps<q, we have %anbpg Aﬂ(.bn_‘bn:)-f Anby - Apuiby.

P> Soube (A ) b b= £ A b 75 (B i)t by~ Apab
Theorem (Dﬁ“;‘\cﬁlz‘r ypis) o e
Suppose (o) the partiol sums An of SOn form o bounded sequence;(b) bozbi7-;

? 3147 KOKUYO




(o),L,'”‘bn'O 7l|em m W N A
pf: Choose M st [Aalsn fov. oll n. Given £>0, IN s bn £

For NSpeq, |5 0nba]= |2 An(brbro) + Agby = Ay by

- S M| E (ba=ban) Thet by |
= 2Mbp § 2MbN S €

Cammmm o Hows from the Cn“l/hj efiterion .
Thearem ( /A & R AA %)
Guppose
(W [ClzlC 7| Cl 25 (b) Com-y 70, Com SO (M>h2.3,); (¢)lia Caz 9
_”1&01 3Cn 00'“'5"505 %
‘7 it Given Z0mond S6a, we put Caz ia.‘b.-.‘ (n20.12 ) and call 2Ch

l'rhc pr-aduc'r of the Two given series. f,{r'hh L AN« R {rtd BB e

P99 0000@00000000Pecovpooypy

B
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\"4 ) o 3 - yx T s
kv ﬂ‘ /& " ”\L"x 'i.\ﬁdlﬁ}l ;“1‘ > f“«l % B}

r‘!n' “"..'
ns -

Thwmm CRollw +thewrem) {"'PP""“’ f 14 areal- valual {mmn, whndn is aMTwM
on The closed mecval Tn,b] ool differentioble on The open nTerval (a.b),
Guppose That F10)=FLb). Then there exixts Ce(aib) st 1(0)>7"
Aptr H A =fto) for ol e(@ub) Thea FU%) =0 for Xe(ab).

Othervise f & not monotonic on (0,01, and therefure hos a loax( max.

OQQOQQR\!OQ\

ov loc. mn. of n inTerlor pont C of (a,b]. Thea -f‘Lc)=0 )
Proposition If 1 s o ConTiAlkous\ function on on intervnl I Then f i injective
!'f ond onl iy a‘f -{’ i3 Strictly mondtonic ! -f{ ' ﬂ

Cocollary Guppose that SPURIF0i for ench Xe (aib) . Then | & woictiy monatodc ) )
(pt: ¥f #ot, f is not injective and so there 3 bisa'<b'sph sa. fla) = £ibY).

Then there 3 C. ot<c<b with 1(c')29. Corimolicts ¥
as e A b /15 T .0 vh
(v RinHA e :;\ LAY 3 4
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Cpf Let g(1]='f(‘$) j\t bcaaw Q('t) 5 ConTinnouns, ﬁ'hl\f m/mmumm ZQ:b]
FATR1CTY
Pecause 9't9)<0, 3 t.elob) st. gL <. b7 ,,,} ,tq
7' (b) >0, I tre(asb) STt < qlb)-
Hene, 9 0ttaing its minimum 0a [a.b) &T Xe (a:1b).
e 90 wd s0 (1= )

Thearer  Suppose f i3 a real function on [0.bl, n is o positive integer, £
(s caatinuous on Tou b1, ") exists for every tcﬁg'b) Let . p
-be distinct points of [0, b], ond detfine P(v)- E k:)(‘f -y *,
Then there exists o 0 pont A between & ond B such that
PO=PO TN g-gy" = & T gy, Tl
(pF: Pefme M by £(8)= 5 52 (8-00 4 B~)" - e
e Mll shon that 2 Y e (m, b) nith M= 12';
Define 9:[o.b1 >R, to—ogm f(t)-zi%“-(-c—o\) - Mt-a)"
26(0)= {1 /{"1;{:“ Ph)
Becanse | P":_ﬁ)_;fﬁ( s QLA = 9'(Q) = — 2 () 2
pecane 9(8)=0. F A (0, B) <1.9'(%) 0
Becawse 9'(4)20. INia (%K) 5.9 (%)= 0

- ——

Beause 9 @Wng Ane (0 Haa). 5T 4°(Na) =0. -
e‘f“"(')o)‘nlm %M*i—l‘ )
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Thwrom §a;ppo.§c -r % 0 ) Continows muppmﬂ' ot [oib) nn‘foij ondl 1 B G-

differentiable in @b). Then there exists Ae (mb) st I{b)-f1a)lS(b-0) M @
®
®

-

Defi v PI>R, el l‘f_‘ i“i"’ exixts, e soy ‘r hos left derivwﬁver
ot 2. ‘f’(‘ﬂ') B 4T w - H L}\q exists, we soy T has rignt derivoive
ot K. ToAt) = e :ﬂ_l__iwl) 1'(%-) emn, then TN is left corfinuovs ot %

1'(%1) exsts, then fla) B right contimuous ot 2. T olif{erentoble o om ﬁ
interior pat o 1 it & differentinble on the rignt and on the left and f'(ot)
.-': ‘f"(a—) +ix) 72 5 & = Tz FE > 1 (4"57; ; T
proposition Suppese thet tsa “real-valued fummn on on gpen Niter ol L. The ‘ﬁ“ﬂwz‘j
ore equivalert.
(i) = canvex. 4
(i) It onbicel and asb<c then “’3;. ) < ﬁ’gﬁ%@.
Wi If oub.c eI ond a<b<C then m m’ s - f@.
(M) Ifobcel omd 0t<b<C then M‘I@.‘Z ﬂ%f%“)

o b c

pt 1 Li): Let ‘C=n,o<'t:<l I= ’m,anﬂ( b= ";5"0+2 =ttt T
Becouse ‘f’ i convex, flb) S ‘[’LGH' C,a‘féb)
Fb) - ) s CRAER) 45 4 £ 4 (o) 5 C:; (o - flo)

5 dh-fe) o flog-fio)
b-n c-a .
b It o> 0= E4fi0s £ 4002 flo~fle) < 1
\>—(m<c" o)t Z 410 5 (b o ‘M(T(‘ i)
Theorem Suppose that 1 i @ Canvex fum*hbn on on open nterval I_ Ay Brl
()T cortinows on L. ¢ VL E ' & Ho

(i) & differentiable on the right aul on The laf-r ort caoh pont On o‘f‘ T, and
fla-)sf'o). \/
) 1{043 then fHlot)s f'(b-). -
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() Thc anpihj 0> f‘(m) ¥ mny and i3 cmuhwus on Thc nyhr arreach pomr
& of 1. LA R 4 ""‘"' 4
(V) The MPP"Q o.-)f (a°) 1 Imasmﬂ and B Cantmuous on the left ut epuh

po)rrr > o'f' 1.
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Thearew 1 P is & reﬁnemm vf‘P 'f/nen L(P'f:m <L (P f ok) arwl

UP™ i &) SUCP.p, ) f (@4 £ 27 1y
pT: Snppose P* contans Jast ane pawt more than P, «*, ond Suppose Hirs K <A
where Zi- ond 7 Ore fwo consecutive parts 7f P.
Let W= NP LA (Rs nS KD, W2 inf fim (A"s A< i)
M= it 0 (Fi S %S A)
= WM, W 2w ¢
Hence. L (P*:f, ) - LCPT,®)
= Wi [alw?) - o (-] 1 W [0(%i) - ACAT - mi[ AR - A %]
= (O UK = KT (om0 AU K)] 20,
2 P* contais k paints more thon P. we repeat this reasmmg k times .,
Thevrem Ibfdtﬁf o AR WL}BM F7 S
P{: Let P* be the comman r;fmemcn‘r rf Two Pnrr‘rwns P, ond Pi.
L. P s L(P*F ) sUP* i) SU(Ps, T, x) .= L(P,'fa)<U(P 1)
First, fix P omd take sup over oll P, [fdas U(p,.4, o).
Then, take nrrf over ol ,P* ' J:'fdowf."{’dfo&.r
s e '
Thesrem Fe R@) on [a.b]'iff for V570, 3 @ pactiton P s U 00-L(Pfi)
<4.(®)
PT: For every P we have L(P. .00 Jfdas Jtdas O(p t,a)
(%)-> 0s [foo- [Pda< ¢ |
Bewuse 1 sotistied for eveny ¢20, Ttda=[fda. ie. e R ()
? Becouse Te RI(®); [fda =t UPA, @)= sup L(P.f, Q)
<70, 3 portitions P ond B st U(Ps - [Fdob <&, [Fdor-L (p 4.0
Then choose P 10 be the Common_ refinement of P and P. :
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Date & ey Ao D ox X
NRES

1 U(P.f.ais i}(?; ,-f,,ou ?ffdm.-f—, <L(P',,-f,ou+‘£s L (P, f,&) +'i.

- (}// ‘/‘ 5 /{:

9N DN

£y
‘1/

E

b. /' r
theom (@) 1‘r Mk(i’ig)f? holols frr Some P ol "some 2, '!Mv\ R

vy hf(ds (with the same ) for eveny ref:‘nemwr of P
(6) I (3) hddls for Pz {Xo, =, Xa| Andl i“f’ Si, -t. nre mbrrmrj Pom'l’f
an [Xia, W], then 2!1’(5) Tl sti <g .o = F& Trio4
(c) l'f TER (W ond the hypotheses of () holdl -fhen /ﬁf(f)oa.-ffﬁki
eOUP f.0- LIPi.%) sUPF R -L(P 0 < ¢
(b) Because 15 ondh f(€:) [ie i Tm, Mi] ., thea If(51) - f(2i)] s Mi-mi
Sifs)-fd | agis U(P, L0 -L (P A ®)<g
() Becouse L(P,F,8)sZTED 20k U(PA.&), L(Pf <[Fdas UPT oV,
+hen [;_Z':‘fl‘t‘:)adi -J:b'fdo([< ¢
8 ¢4; I AT~
Thmm 1{’ 'f' B3 cqn'rmwms on [0,b] —then e R(a) on ey b.7
pf: V570, we oould find >0 51 [d(b) ~an]n<s.
Becsuse 7 % u-c. onlo.b], fo zelobl, te [aibl, 3§50 st (n-U<§
thea IfW-f10)[<n. =R L% R
It P& any portition of T, b] s1. 2W<§ for all i, then M;-mis 1) =i )
Then U(P,f, &)= L(P.Foon) = & (M;-mi)adk; S N & o = N[AD -alo)] < ¢
Hence, fc’R(o\).

». . . % of ‘ | = \
\ v 4 .
- 1! M 4 e Y"'(‘P

6?]777@0!‘% H ‘f‘rs Mm;fam‘c or; 'Z;m:bl, ond /‘f A s Continuous on [a, b1, then fe R(»)
p—f: For o) 570
first, we get chose o portition P g, 4di= SRUW (5, p). (Buc. A8
Continuows, IT i3 possible) .
| §M?posq -rB m'onoTén:co:llﬂ Morens g, Mi= ‘{‘l')h‘), M:—“f(,%.--.).(ﬁlw-,r‘).
Campus
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So thit UCPs o0 = L (Pfit) e SLH800 2 [t - fihe0)
2 QOO T by~ ta] < ¢

a‘-f’ n & Token !arge enwy
s AR TAS S L 40 n 3%
Thedrem Supposc 'f s boww(ed n [a,bJ 76 hm g,,/ﬂ —fmi-relg many’ pos o dAscontaity
on [0:b1, and & B continaous 6t eveny point it vhich 8 diseantiuous.
The" ‘re ﬂ (R). /}‘U. par Tition Pp’] )

LI”
Theorem guppose eR @) on bl , ms MLfP 14 continuous gn [m M 1, ondd

i) = @(ﬁ%’ﬁ%f‘ 'E'b%xg}; " ‘( 3'1. Toib).
P‘f V20, Because ¢ns u.c. o [m, M] for 5T € [m, /V\J 5]5>0 o
$<¢ ., Is-TI<§, then [$(s)- ¢(*)I<i ,
Bocause 1€ R(@): 3 o portition P= Aoy i, Hal crr Zoan s1. V(P
= L(pt o) <&*. -
Let Mi, mi for f, M7, mi" for h. 7
Drvide the pumbers |, n inta Two closses: 1€A l"r Mi-m; <k, ieB p—f
Mi-Mm; % §. \
For 1€ h, becavse M;-mi<§, Mi-mi<g.
For i€B, M7 -mEs 2K, where K2 sup ¢, msts W
bE 204 2 (Mi-mi)agki <§* > Zohi<k
U, o) =L(P b, ) = 2 (M7= M) ki + & (M7= M%) ok
<glalby-cla))+ 2k s
<glathy-aln)+3k]

“31’)"‘a’ocQQQQQQQQQQQQQQQQQWQQW'
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o.%heiwe‘r.‘ ((X‘) lf'f. ¢ R (b&) o‘md ;faE‘R (c;() or; [a; b]: Then fn‘-f eR(A), c-f’eR(a) ’ﬁ
for every consTont C, ond ]:l'fﬂ-t»)dowff-f. dat [y f.da, ]fcfdd’cffda.@
) I i) s Ta (%) on [, b1, then [, das [ dor.
(0) i TeR(®) on [6.b] ond ¥ a<c<b, then f& R () 01 Tn,C] omdf
m T, b1, omd [SPdat [*tdas [1da.
(d)H t€RW@) on Tab] o ¢f I£(01sM on Tn, b], then [[Fpolor] s
M [&(b) -a(m].
(e) If fe R(A) omd f€ R(As), then TR (Mt and
Jtd it a2 oot [0 dos
" 1 &R and ¢ & 0 positie canstont, then Te R (ca) and
[tdcar=c)ttda . 3
Pt 1 yer0. wfifreRR). 3P, P of [ab] sT.
V(P F &)= L (P )< 1 Let P™= PoUP.,
UPofe ) LI o, W <E ! UP* i, 0= LIPMFi <, im12
Because U(Pi fitfe, &) s UL ) 1 UCP,Tsr 00)
L Pt tu 8 2 L( Pt m) t LIPLT )
U(P* e ) = L(P*, Ptta, )
SUP™ A, ®)t U(P™ fer d)- (LIP*, £, M)t L(p*iteu )]
<fn
=4 , | ; g
pt ot (d): IHn]s M > -Ws I HWISM on [a:b]
[l-mdas [l da <[P mda = m [b)-alo)]
> ([Jtdals mLalb) - aim)]

50

ﬁ);m:nb"..d)ddddddddd

u

4.3
Thearem If T € R (x) and geR (k) on [a.b] , then (0)tgeR@); (b) [{leR(m

omd ([0 da 1S [PH1da.
Campus
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Date

pT: (a)Tak; cpm=t‘, bg 7;|eb-ll -f’c’R.lo\)t
Becouse 419 (119)*-(f-9)". e R(a).
(b) Take ¢2)=1t1, by theotl If1eR(a).
Choose C=2|. st. C[tda 20
Because cPs I |+ Iffdal= ¢ [tdk=Tefod < [If1da
411
Thegrem Assume &k imcreages manaTonically angl x'e R on Ta,b]. Let T be o
bounded real function on Zﬂ b]. Thdn e R(X) if ond onby if fo'eR.
[P fda = 2 fiom amdx. 4 ;
7f: Because K'€R ., there I on partition P- fxo,--,w.fcﬁ (n,bJ 5T U(PK) -
L(p.)<e %) > SRR .)
55 ymean volue theorem , for Ti€[Xi-i, Lil, Doy = o (t.) 2457 12 RN
Then For $:€ TXim, Xi]. By 67(b), weget 2 }: la“)-‘ A (ti)|sXi<g.
Let M=sup 1110 Because 2 T(5) a0k = gf{s.) & (s X
|2 Fs080i - S50 (s08 X {3+ $0) A (D s Ki- EHSIACS) ax;
<2 O dit)-a'(s) |- |aki]
S M 2 18'(5)- o' (2i) [~ i
< Mg
> [V, A= UIP, oy < Ms, | L (P i) - L (P, fo) s Ms.
ecouse (%) remoims frue it P is reploced by oy refinement .
[Rda- 2w AR dx) s Mg IV Pda- I3 toaondx) s Mg |
Beeasse £ & orbitony fken. Lfdos [fmamdx . fpdas L{momax
Hence , f,"fd¢= ff-f'(xm't-mdﬁ i
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No.

HEG) T GIR - EHAgER

%w;;rom (inf;am‘r.‘on by pors) gupposé Fémd 'ﬁ Ore d;“ffaean:mble -fw;c'r.‘ons ov;
[0:b] F'=feR. ('=9eR. Thea [ Fgumdx> Fiby Gib)- Floy Glo)= [*rm s
pT: (P (i)' = 10 Qi) 1 F(A) 9l)
[o 0 + Fogio ok = Fb)Cib) ~F) Gla).
> [3 ) gk = R b - TAo) G (o) - [0 (10 AR
(% (ns b, folth el R AR E S K
Thowem If F wops [a.b] inte R" and tf f€ R(A) for Some monoTonicaliy inCreasivg
functon & on [0:b], thea H1€R (@), pnd WFHBTS [ I " (4)
p1: Let i~ fx be the components of f, then (1= (£ '+~ 1‘{")é
firiiae R(a), i [Tk (3 e‘R(a)—vf-r 41 e’Rla)L"ic—“l’('f"f '*‘ﬁ‘)"é"ﬂ(o\)_
Hence, Ifle @M)/
Let Y=y, -y‘) vhece i< [tidn. — y= =[tda-
Il = 2yt = Sy o> [(3yetaa.
By Schrarz inequaliny ( [ 0:bi s f%la.-l‘;%llql‘), >yfis[Syitils Iyl
Hence s 1yl*< 1 [1f10ld.
H n=0. tx) & trivail; Tt yso, lyi=I[f dal < [ifida.

z

J

1.V(m1»m A continuous Mapping T of on irterval [aib] into g 1s aolled o curve in R"
or Y iso wfr‘vedn o.b].

If v is me-To-one, r ik colled an arc. FF\

If rlo- r(b). r i3 snid o be A cleed curye.

Remark : We 0ssocioTe To each partition p- [Xo, = %] U’f [0.b] ond To each Curve r
on {wb] -the number A(P, r)-,%lrtx.) r(Kin)|

Then define the length of T 04 A(F)z sup A(P.¥) . phich sup & fakea
ovec all pactitions of Tonb]. TR A3

It Mv)<we, we soq tho ¥ i rectifinble .

-—
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Ko,

\(b)

S——

bemr mHm H7H-- i €:!n0n  ————1+w—-————— o b -
‘hoorem It r' ts continuous on [a:b], then T i3 rectifioble, ond AT ‘],bir‘(‘i)dft-

ﬁ: AE K <AiSh, then V(%) =T (Xi-)| = IL‘,."_, redtl SL‘.".. [r'(w]dt

= NP s,[:lr'(-t)ld‘t for overy partiton P of [p:h].

=AM s[hrmpt

Qaause_i;_'_w; in Db, V420, 3620 st [s-Ti<§ Hhea (772) =

r'e < ¢. :

Let P=Xe. xaf. with i< § forall i- It A S s %, [V0]s 1K)

i toldt s Yol ox; + esX;
= [ [va tY'm)-riwldt[teak:
sl vrdol+ L Ieoo- ol de]t coX;
€ [ra)-riXi) [+ [gakil+ £2K;
2 rix)-riXa)] + 2¢2);

—>j: (v (#]dt < AP, 1)+ 25(b-0) S A(X)+25 (b-a) !

B;ceausre £ & orbitny, f_:!r'(t)} dt s Alr).

Hence, A(r)- [ [r'(9)ldt .

rix)l*s,

Canpus
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% Sequmzes ongl Series 0]“ Funetion 3131]}?’]3&31
’”5\\3‘ oA ( [Udtwise canvergence) Suppose f—ff,n’l:l, ",is&seqa&n(ev‘r e
: %’Mﬁlﬁ 4695
Func Tions defned macet £, YA€E, V€20, a N 4. rf n7N s then I—r (4) fm[(g_
e say Tfal comerges to f pomtwise , ond  is the limit function [ or fimit.

Sm? arlﬂ l‘f Z'fn("ﬂ) convoraes PUM‘TWI‘SC 'ror ev&ry weE, then we de,r-"c 4 :
‘fW) E,f*lw) (e ), The function o+ is alled the sum of the series 5. y
g‘a,.dvg@m%..u.‘ﬂf AN e ltf};;oflﬂ T & I liafat) =i limtats).
e OF BB ATRRY BHBUR ER TR A A8 R Ao

fu('ﬂ); '{—Iéx—z)‘; (XE'R ’ n=?.l.2:'").
For %20, falo)= 0-—> -f(o)«o m;lo , A=0
For 310, To0 - g = £UL s K5, 470
" Hene, a GOﬂVB(‘ﬂ&ﬂT sen‘esiaf cantinuous -funa'ﬁ'ons moy have o1 discm.‘num

ooochaW

sum. |
B BT T A TR 2 IR TR AR &
-f,.- [0 11>R , o (W)= A"
)X=9, fal#)= 0, then Tih)=0.
i) 9< X< .
“}" UL DA, N0 im AT existy,
et L=|imu"= 3 ™ 2 o g A= 90L o X€(0.1) > L=0.
Hence, fia) 20
or Y429, AN ¢1. tf N2\ thes N'< £.@ [0 %" < Ing @ plax < g
é)n7;";
Let N7 it%  then nzN:%,
fii) %=1 . fa l7¢)~l,'fhen i =
Heue, -fm ( ? (;m] ' The concept of pohrrwue oonverpence 3 -Mmsze
400 weak To allow 'fvr muTmurrj Pm?erfes 7 Cﬂrrj over 1o [wmit Iﬁmmmp

\Jaaa‘éaaaagaoaaaooog



@ PRL =L WIMAN B fn BERRUT AN [iPe ).
fai [0 11 R. fatm- {20 ¥elwdl
[ fn= 20x5=). Bur 112 ‘,';vrf;z«dx =1
Hence , (i [y tn# [y 32 -
@ Taf7-Rux4x %4 f'.
falmy s B (%e R, n=12.3,). > o) = T cosnK .
Tz lmfaxr=0. = F(0)=0. -
Because Ta(9)> >+ asn-se. f-[’nf ‘ploes pot canverge 1o "
© afotn# [l fiata.
ot e ntu (1-AY)" (o<x<| el 3
S wu-mrdxs oL = [Hamys B _>41~. LAemdx =2v.
( Isafaid=0 > [ fimtfum drz 0.

27 A t-xeyd (= x) s - S A S [ SR o [ e 5k
3 efinition We soy thot o cequence of functions (fatsn=1.2,3,-~, eanverges
uniformly on E to a function 1 ¢f for ever) £70 There is om integer N st. n3 N
implies |fal# - Fi s ¢ fov all eE. %5
We sy thet the series 2 falA) converyes uniforml on Ei ‘-f 'fhc sequence {Saf of ‘
]W‘t‘al sums glefimed by Z'(’ (%) = $a(P) CANVEryes unu'f’t?rmlﬂ on E. o
Remaurk: Tt o Sequence fn: X> Y canverges pontwise (or untformly ) o o furetivn

T:K>Y, then the restrictons fule : €7 Y of £ to Some subset € of X
will also Con verqe pojaTwise (or Mi—form(ﬂ) 10 fle
). ta:loal-R, T ()25 canverges unitomiy o ip)=0.
We hove 0 show that for ¥ €70, BN g, [fa (W - 1M I<E for every yeTo.N]

T

OQOOOOG_O‘OOOORO&R

ondl every p7 N . A<t N> i
First, let's ik an £70. 7hen for ony A€los1] mﬁ?ﬁ/\l ne have
_Afnm - fm) | - OI- 'A(,'

ﬁ&i#a’”!

~ &k

Campus 7 2y i 4h- 31270, 5. VNel\\l 3n7N Xec a;r l'f (0 - 'flx)l






nfhoo;em Suppose {g}:f.!z)'=f(wi. (REE). P‘tr‘r‘m.‘:?sgg}f. (z)-ﬂml: Then a1
tniformiy on € it ond only i W20 05 n->w.
pP: MR -10] =0 a5 nrw & TalW) >} ol Gk % & IN g1 N, n2 N, AEE
$ite a2 = fm(AY| S 5. Then this is equal 1 The 7.8

Q)ﬂ)dﬁ)”{d)i?\

t-oob S ofn
Thesrem S'uppose (Tl & o sequence of functions dleffined on E, anel suppose THaWIsMa
(%€ Ein=1,2,3,~) Then ZTfn Converges m‘_‘fwmy on E rf 2Ma” converyes. i
pf: 21 C.u.& (S cu. Suz 5T @ 630, AN $7. [SalxFSmimls & . Y mim3N, %eE. ®
©V520. IN st [Ste- 3 fel < 1z Telse. Yrmon. AeE. B
PRAVIEK ,,%H.-mls é-:Mi <%.(AeE) . provided m,n ore lorge eaough. »
u.c. follows from The. T4 &
L G T P AR B 1T L '
Thearem  Let KeR gr € pnd 'f K> R lor C) continugus functions which converge ©
mjarmln To 1 k >R lor C). Then the -func'nm 'fB Wrrmuquf -
pf: Let X ek, V0. (# A EAX A e AR AL L5 J}j:: /l“:,.

n.

Because fa we to . I N 4. all mek . IfulH)- Fi0)I <;‘.

Because "fﬂ ore conTinous, 3 570 4. I?G?jkﬂ , Then Vl‘fu lﬂ)—‘ﬁ,t?ﬂl(; for

ol ye k. [Cgrrapondng 0 X omd ).

Thea [$1) =Top |5 (4 (0= fut] ] futm)-Tuty |+ 1fdyp - Fop |
<ftfifeg.

Heace, T s continuous.

1ITh&ﬂreM Suppose K i CompacT, ond

(0) {1l & & sequence of continuous functions oa K,
. [V [ful ponverges poirtiise to a conTinuous function: f on K,
(9‘}3@‘1(0) ‘fﬂ‘*) 7/r'fn-n "X) fur ﬂ” '&6'(/ nf I ).15, ""

Caﬁpus Thea T2 f uni'fornlj on K

_494913939500



i 7. %] Duto

ton No.

=1

(&)

P‘f‘ Le‘f gﬁ .'ro“'r/ Then 1 l;ﬁ (’/M‘fmuouf. @n‘)o wg_g gn 710:\14 .,
Then e hant to prove Qa >0 un"fmnj wm K.
Vsr0, letT kn=(76/5> g 0zl >ka: P (Ts.,%))

2ln T3 OIOSCA : i 3'1”’ ko> f. o
Becunse K tampoct ¢ Then Ka C‘OM{’GI_-T- pcwpect cubsets

Lwe [£.w) 13 cloed (AM [tmit pornts ovre in t). Ga CanTinmous,
A -,‘([r:érlk :
16 ) pndd
Crry R TRy

Bmclﬂnzgml_; then "’kﬁﬂ L/;, A { a2
7 AeK. Smee Ga 'x¢ kn if n i3 suef ficiently larg‘e}é/

>3Nst K:QEu= @ for 12 "’}5’1‘1 st. K2 ‘i’i"’"’N

> AN foo ol A &R, GaiR<s if paN

OOQQQQQQWQQW/

(Let g=3 N7 fet N=N, #=7 , | Fnin -01% i *5)
gosfiAf
e fn—f . an}ji',’i, f0 30 L fn 7 goe
To pease - V529, INgtr 2N (Gnl<2. ;
V4r9 Ka= ?XQK gn(?f')’/ig' K--f&i”nﬁﬂ-fri'
Kazgn'(lepe)] ¢ ook,

e
\[3»407 SIN g {6-"»:4) ft all N3N
&Y

] T the campacthness (s pot tn 4T, €4, 'f'(ﬁ) o (o<‘x<l nzh 2 3-).
Tn 0 >0 monctonieally i (01) but The Converqemce & pot untform.
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Theorem '{’ K- R(w C) oonvuaes um‘farmM to 'f’ k—) R (MP C) M

“. 0 |lPe = f‘lx
pP: fn Converges uniformly ta P & V570, INelN, Yy N, %K ol -F1a) <4

@Vs>0, INEN,VnaN: supl[falm —fiw [:neK[<$.
@420, INeN , ¥ asN:llfa-Fflle< g
132 M- {le>0

710
Thearem  Let O be monstonically morca;mg on (bl Sppese fre R (o) 1

(a1b], for N>12,3,~, pnd ;uppose‘fa‘f untfermly on (i b]. Thensfe R(ot) on
(o, b1, ond S pda = fina [*facla.
pP: For Aelaib), let Guzsup [fal® =T = fa-gusfs fat Ga

> [ (fa- g da s S fda s Jtda <2 (ot o) das (%)

= 05 Jtda--Sfdas 26, Tacb) - a(d)] i 1705 4 7,

Then beeause Za=0 a5 notv Hrﬂxﬂfda . Thus ‘fe R ().

Then from (%) we get | [Ffdoi [ faola] s saT0b) =a(@)] |

Honce . JoTdo= [ine [ fadr . [Hdo-[ Ao [ = holot < J3 (ot 2am £ ol s, 00 - l.
i1 1ol D 4E T2 B RRBIS.

Q= frurz,--] ‘f"m) f\”) 3¢r}n:r?rnia _r:f(‘) -)'d:#-%

KR4I EE KT :

Cordlory 1A fa&R () on [sh] and I'f 1% ,.,,'f*““ (asAsh), The series
canveryiy unifarmly on Tabd, i then i P = Z [ fadon . HF 9 aR K006 T

uuowo»wv@oo&m@@@@

Propasttion (NewTon's approKimation). Let X be o subset if R, let n€X be o lmdt
port of K, fet {2 K2R be o function; and et L. be o real pumber. Thea he
following statements are logitally equivalent:

Campus
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¥

m"f" d\'f’f&rcnﬂhblcm 7‘- on X w’rfh d&rlva‘rﬂ/e L
(b) For every €20, there 3§70 st ({10 = (f17) 1 L (AN | S €] A= |
wheaever e X ond |A-%a)< & |

Thegrem Let 1=[aib] be a pounded iterval in R. Let fu: 1> R be differestiuble
fanetions . Agume +hot

(i)there exists o 2e 1 for vvh‘ch -{’n( i) cronVe@es

(i) ¥he sequence O’f derivotives (fa) CAnveres. um“fﬁfml_ﬂ on I

5 T
X lhem the Seqlwnt.e (‘f ) caveres um‘ram ly on 1 to o Ol«l“frerenf‘nblc ‘funl:non ‘f‘ apw‘

we have7?'¢W) A £ulA) focall xe]
PT: Let g(®) be the [mit of fria). Y070, .
~ Becwse [fn) conerges unifoomly, T
~ 3NEN, s1. ¥nim>N then stflf (76) -f,mw[ r, -{’w uH 76&4
Let ma+we, sup {0 ~gR) f<n forall pel,
For oll %1, nim €N by mean wlue thesrem;
ol = fu(20 - (fal2) = (@) | 8 I4- 2| sap fale) - 1‘~(c)| (*)
> H A = fom )] = (2) - Fut )] - 3!;3Pl‘f‘i> Tetal
> HA =T B € a8 1@ |+ =21 50 [l Finlo)|
Hence, because fa2) Coverges, (fh) converges unformly, thea (f1) canveres
wr‘fvrmij
Becouse (fn)a ore Cantinuous , o “f) converges untforly, then -f is cantiuous
For (X). let n=N . m=>1v ond by @
Ifutx) - Tm -f,m.) ()| s(w-2ln ¢
For N, which depends anly on 1), 3§20 1hef7wzl<3
[fut® - ful2) - (3-2) fum | sy l7°—zl|®(f s contihuous )
Then Ifim ~f12) g (%-2)|

KOKUYD



,[[-{,. m(x 2)- g(n)(i 3)] [f,m«) fm f,.(z) +1‘(3;] [(f,mo) fN( 2)
ey (0] ’

<3n(x-2l.

Bem_u_se ¥ ton be taken arbu"rmfl‘ln L ond 2 m'ru‘f-f.'e; [h-21<5.

then -‘f’all()ws'»'from, our characterizotivn rf’ olf'{‘fercn-h'ab""‘rg, ’f ) exists

ord 4R =100 [ Ta (%) for all %eT .

—
—

Thewrem Let K be R or C, X be o set,. Let Fo (X:IK) be the collection of all
nctions =K ambau ded. ie. s [fl <o, Then F(X;[K) 3
fu fx "[ I {, Xﬂv)mﬁq— b (X5 KD i
complete vith the 5upremum horm -f’l
\/—\_,_\___\‘

>.‘>¢.>®.>».n>ﬁ>\s>dﬁ\

Remerk : OOnvetBQm 'u‘f -rm'r-‘ons M the sa,i«yromumr norm i.e. Il‘f, 'f‘ e =20, B kngwn &
untform convernence, simce It implies that given ory ¢79, I N 4. Sp HulB- {10 lct
foroll iy N e a0 = fla]<s far m@'gﬂgx.!’ Akt
f"f 5w}>ptse (‘fk)bn 8 Cau-trhl/] ok K). o BWAI
¥ 520, 3 N4T ffe-follo= suplfatm-fumi< & foroll nmsN. W
Far provacly , fixed AEK . The sequence (fe00) 13 Couchy m K, and
S0 canveryes ( because |K i3 corplete)
Hemee . fipy= ova felw.
B X)) wne get Ifuom- -f,.lmls'p fvr all n m>/N
Than let mIve, vve get l-f(w)——f(')ﬁ)ki, fir “”,","f',‘”N g

R
> suf:-f.('/») fi®)cg for all N3N, (x5) .

M 'f' converas Wl‘TW"'“_lj ta -rgn 0
Lost iz 0 <how That limrting fuvwrm t boundd
‘Bﬂ (*4), becruse T bounded , then v = flle<€.

e @& 0 & e

w

M’w‘&'mvwdv.‘



frc(lodD e > J8 At > fAF (fa4
Therem 7he'Yq.Pue C'(D« b]) of al covrr‘:hutouslﬂlda'f‘;@f“&n‘nable fum—‘hms n
[0, b1 T8 campletenmith-the C porm (| Pllc = ((Flat (141,
pf: Spse (Fo)€ C'(In.b]) be Conchy.
V210, 3N &t ifa-Fallwt ifa-fulle <@ forall nmypN (X%)
Hence, (alnis omd (£2)3% owe bith Coucky sequences m C(Tasbd) withilll
Because ((Loub)) & camplete, then 3,0 €C(Tn1b2) 51, fuaf owd T2 g .
Then we need 1o show g=f'
Futt) = falo)+ [ fuwwide , We(o,b] 8 8%
Because lf 4w dt —fa godel s j—lf,\m -gw)ldt (b-o)il 1 ~@an 4
bs N>, |Ifa - gnmo “then J., 'fnl‘b)df-—)f Q) At wiformly on b1
Foe @, orfter kg (mits, o fab®) = Jomfo (o) + fion J7 4 () dt
> foo=fo) + [Jgttrdt : L 14 ~
Honw@-f-af»-f‘ e e
For (%%) , toke moa 1w, “‘f—'f’ll 'fu-f 'fll,.<% h7N‘

I CM{ob2) B

Becawse f'n > Tﬂefz‘T-’TMCU“'P!)- :

GE0-R A%
Proposition Assume that 'f’n ore ob'ff‘eren'mble on [a:bl and theet i (®)hs W for -

stme (70 ond ol 1 ond Nelab] - TFf fu>f pontuise, then fa>f untformly.
Pf: V470, Toke o partiton P=fa: g <oy <=<%u=bl 4T Hi= R <50, (= h=it.
Becawe 71 pontwise , Tor each ke (0,1}, 'f'frnd(_’xs”:gonveg&.
INeN s. I’ﬁl‘?‘s)-‘fm(?:) <§ : k20, Jimid ‘fw all nmzpN |

oooQ9000000&0@609Q»W/QOW'

V-

Let P& [as bJ Suppose ')46[7°t-i:7‘g],7"w ory n,
[421%) - a (F) | 5 M- 3o =

Vi ¢ 38 74} B 4XAK
Than,-for mnzN, 17°m-f,.m| lfm) n(’ﬂp)l-l'[‘f(?qu)'.‘rm(’i(\v)'f
| N “fﬂ(Wh) ‘fm('ﬂ)l‘
e Hence, T .-a‘funl‘formlﬁ_

N
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Let X be o metric gpace, e X, fm=ok(% %) (£:X>R). Then 1
uniformly continuous on X. dixy<h.
pf: V270, 3 b<e gt A =iy ldinm- iy wls ol (0 ) <4 with

Thesrem L,c‘t' X bc a fneifn‘c S))a;e' A ‘fum‘ﬁ'on f2 tfi-~fu): K- R” i (wiforndy)
cantinuons preusclj it ol the i{i=f~ ol ) owe ({Ml‘fwmlﬂ) Cantihugns .
’;,‘33] u.c, <2 223 u.c,
Prvpos'rr.‘on Let f‘fnf be o ;equen‘ce 01’ continuou s 'funcTMns ‘frvm one metric
space (K.0l) 1o another (Y, o), and suppose this sequonce canverges unifory
o onother 'f’unCTn‘M ‘f’ X=>Y. Let f’X | be o sequence q" pm‘n’(‘s in )( which
converge to some limit Ho . Thenﬁ-fn(ﬂn) avnv e To fmo l C 'a"f
pT: Because [fal converqes um-fwml_q L LeT 20

AN eN 1. do(fal), BN < 5 for ¥, wxe K.

Because {faim, Ore continuous, then T & continuous.

35>0 s ph(f1im) f1%) < -% Tfov ony XeB(%s, §).

For this & . becwuse Hn>%ei IN2EN ¢1. ol (A0, %<5, ¥Yna N

Let N =marfNoyNol. for 0y N ol falhe), i) sdla (fal o), -fnw)-f'

-

dal (A, T1%9) < ¢ IR &7, GG
_H"’Me_» ’fn (An) canverges 10 'rm,)
Debinirion (Bownded ~ur Ths) B function 1 K> Y Trom one memric space (X.olx)

to another(Y,dy) i boundled i F(X) % o bounded sef, ie., there exists o bol|

L&y,d,,(y.,k) m Y st. '{‘('A)_e Biy.dp (4o, R) for all REX . 5 o
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2 5K < [~ Cos 24
No.
2 20 Al A TN L ivgeciivenensi b e i sk ss v vs ea s one

) I (/}Il\"\»-l/ P Ne'k -5 "/

AL I ' Gste

1 . .

S —trsTrme At S-S K
- % Sk 7 smiga K = € (/l N, ,,}/ (oS (n,r Net A

i

f):,

©000be oy

f )( & sad 1o be’ﬁqsg%gwous o E if for every 270
190 -FOP< ¢ phenever diE.Y)<5 N, YeE, and PeF. Hered de"‘.”“g;—\
(The metric rf )( | , B (
Remork: YT €F Is uniformly Continwous +f 7: i3 en/mcanTnnuous

T4 '
Theacem H K o meacT metnc spaee, :‘f ‘f EB(K) 'ﬁ" n: /'2: s and

if Hal canverges unHormiy on K, then fifaf & equicantinuous on K .

Bu-r f o Jim (smnex = $in Ny W) = ,Lw f (smmn- Smnmm‘dx- 7,7\, '
(SR A4 SNk R = 2SN kK- sm Ak % = 3= o 008 30 %L =4 o5 20K
o8 (Mt New) X = 004 Ak —Nie-} X )

Controdicts. Hene, there B no swbsequence fNef st. {smmxl converges

"7

pmily camplex. Tunctions F defimed.on o set E-in & metric
Af ﬂ Of P T T T W n%f}fﬁéi,ﬂ/ ‘Ff,;‘}' 2
fhl&re existsa 550 s'ml

Lewma: G(K) 1% The set of all camplex- ynlued, cantinuovs, bounded -ﬁmcr.ms
with domam K .
pf: Let €70, Because {fai converges uniformiy,
INENT st [Fain) = Tl (<& for oAl 37 R4k
Bewuse. cAntnuous functims are uniformly comtinnous o4 camppet sets,
3 550 st l-{"m-‘f'(yll% for [sis Nomd diny) <. Q.
fr o> N ond didiy<s, '
[Fai%) = faly ] < [Ha lH) - fuho)l-r t-fm) 1‘“ ) [t [ futyp=taly|< 3¢ .
Tor ns N ) @ :
Hence, f‘fnfg; s equicamtinuous on K .

“D)‘igoooa-oqqqqqq
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1
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I
i

. { = o]
> PR R AN Y .'u,.'.-.-?‘z' . M,

RIS &) ] W R et iy
Theorem 1‘f’ ffal % a pontivise bwnded SEqumce trf complex fun.chOnS on aowrable

set &, then f‘f’f hos o subsequence {'fn.gf 5T,J"" (‘Nf canveres ‘fw everﬂ ’)0‘5

e Let (Al 12123, be the pomts of £, arranged i on sequence §.;‘...‘.;\
Beeause tfaln)| i bounded , 3 0 subsequonce {‘f,,hs st {fue ()] 0"""939‘
k-&o" /1 7

Then throwp soctisfng these Tw properties -
(a) Sh 20 Subsequence of Seu, for N=2.3, 4,
(b) f‘fnml‘ﬂn)f converges, ps > +w.

We have 9|‘f|,| 'fm. ']bl,s g e R IR ;
$uitun foa for Foup o 01 RZB1UL 313y 2K Ko ird A
Sy ﬁ" T&» 'f;.s Ts.w . e

VARV EER 99 99 99099999 9‘9 9mo *

Then S fin s Tor o~ Hoon (4] canvoes a5 n>so for evory e

Cf)’fruu OJJLI \

3 ’I"‘Wm K campact, it faeG(K) for 0=1:2.3.~, gnd ¥ {fa] T poinrise
bounded ondl equ:aon'rmuous on K, thea ) 4 &%

a) Ff fB Wli'formlﬂ bounjd on K J’i,\ fn, (/

>
-~ 8 d
~

(b) {fnl contains o um“fvrmlﬂ eanveqye suésequence \d(w:ykg then
p1:0) V5§20, Becanse {fnl is equicoftinuous, 3§30, 5. Jfal®) = fatyp| < & fer all N,
Let E'be o countable dense subset of K. then ) BI0.5)=k.
Becouse K s compact , A i, Pr EE m K. ¥ X€K 3 ot |east one p;
with dl%.pi)<§. Bt
Becawse (fal s pomtivise bounded, F M; < st [falpi)l < Mi for oll N
Let Mzmox (M., ~, My) » Then [fal))s [fal = Fal P+ |4a (pi) 1< £ +/M
-fw evag ’)0& - e f’f‘n.i 3 1uni-ﬁ1rm’l\n1 andv@‘ on K.
szpm ! L 5
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(b By thewem T.23 we kmw that Mol hov subsequence §fn; o ;f,,‘,', "N
Canverges for-eveny weL, hoF o uAtL
Put Qic ‘fn\' . We sholl prove that [Q: [ canvernes uni-formly on K
V520 Lev V(XK. B) be the set'of all ye K with diAy<b.
Becouse E 3 dense m K, and K i3 campa-t.
Then 3 %, -, Hm i E 51 K cV(%,8) U UV H,§) (%)
: Betausc fg~(7£)f canverges Pq.‘n-rwkc, 3 N . 190029 = 3 (B) < & , 14§ 2N.

343

[<S<H ,
& By (X). i X<, then w«VHs &) fv.» some S, st 19i00 - i (%)) <%
-f’w evem | a5y )’w

For 1.j7 N 19:(%)- gJ(m)lﬂg (m g(ws)lﬂg i(As)= g3 (%) [ +1 (B - GiiB
<3¢. Forall weK . 1€ i (W) canvergent uniformly.

NT‘)MWM( The Stune -Weierstss Theorem) If £ o _cantinuous camplex
function on Ta, b1, here exists o sequence of Polgnom:als Pn sit.
[ 202 P (00 = F170) miformiy an [T 15170 1)) il
H s real, the Po moy pe taken real.
pf: WLOG. Asume labJ [o.:] florz fu=9.

- 84 Cous»dwr @(7’) ‘f(’m ’r(o)»- ﬂ[f(” 'f(O)J (os2<() , then gla= gu) =9.
‘P’/ Tt suffices to show q % the limit of & uniformly canvergent sequence of
'J

Polgmmmls ( because -4 B G polynomial),

Then, detmne 1#)=0, %€ [0,1]. Thea —qu un;—fomlﬂ ConTinugus.on R .
Let QniA)z Ca(1=%*)", N2, 23, Ca is chosen $T. [, Qal)dX>]
Because [, (1-xdx= 2, (1-x9"dX » z[*u = §*)"olx 2 2[* (l-nx)dX: 3% >3

1R (- xH" - Xt
il L7 oL
For any 0< b5 11, Onmq‘(,-g)n o= NUELC 281208
SRR K. ANPIELT XET W‘A’JA’KU'YD

% HY¥ ) .



Henee, (An>0 ufm"fovmlﬂ in & Als1.
Let Pat)= [ f(212) Quitrolt (0sxs|) Cad S A

Paim = [y TRt Quitdlt= [ 414) Oalt-A20lt , which 1 o Plynomicl s ia X.

V$29 3529 ¢t 1Y-RAI<] then l'f(y)-’r\'mlcé
Ler M=supifiml. beesuse Qn()% 0, [{QaAdxX=], Quim) € Tn(1-8)"
(P Pl = | [ Hat  Qalt) dt - [ Qalz) drofi)|

= [ %40 Qa h okt — [ $1%) Quin) dt]

LIt -t Quode
Sam a0 det £f; Quindt + omf) Queds
Som [ - §Hdt + %f_,' Qi) dt+2m J, J(1~6)dt
24MTL—§M) + £
<49 'fvr ovll lwae wo;ﬂh n.

93>

Thesrem LeT r be o positive inteqer. If o vector space X 2 sponned by a set of 1
vectors, then dim XS .

Q;h%rem Suppose X & @ vectrr spaces and dim X =n.

(0) A set E of n vectrs m X spans X if andl nly *f E & [ndependent.

(b) X hos & basis, and evenj bnis cansists of n veetors.

(I Isrsn and Y, =, Yel T 0 irdependent set m X, then X has o basis

con‘(amhtﬂ ﬁju"'/ yr f - ’ o S \Z,O\

Campus
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_ Fenetions af‘ Severu| Variobles %744y
\Argns ap ks oA mappivg A of o veetor space )( :waa vector
space V' & said to be o 'Inear tronkformation, if
ATt %)= ARtARs , AlcR): CAR

for all A, A ‘ﬁléx ordl all scalacs c. We often yrites AR instead ff’ Al
?‘fA 15 (mear. <
fL: (D leor Transformations of X o X ore colled lneor- ﬁpa{;a'rm o X,

@ It A a [mear pemtor on X whith i) 13 ne-To~one ; (ii) maps X gnta K,

wesay A is imvertible - JA™ on K, s1. A™(AR)= T for-all ZEK

T~

N i

#

a5 '
Thearem A linear cperator A on o finite- dimensional vestrr space X is me-to-gne

Ht e ronge of A i5 all of K.

O s

~ 7 —
-y

(o) Let L(XiY) be the set ot ll inear fransformations of the veeter space K i
space . L (X, K) smply pweite s L(X). Ff AAse LX) ond ¥ ¢, ce ore
scalocs, defre C.AtCAs by (CA*CAT= e hR +ehT (REX).

Then CAtCPrel (X, Y).

(b) f )(;1' Z are vector spaces, and Mf A¢ L(X»Y) and BéL(Y.Z) we define

their pradulff‘ BA 1o be the compysition of A and B:
(BA)% = BIA%) (3ieX)
Then BAeL (¥ 2).

(o) For A< L (R", Rm)‘ defne the _norm /MH of A 10 be “the Sup of all numbers

JAR(, where % ronges over ol vectors (n R" with 1As|.

| 7 Al = ﬂPlAM (AN =mT{ez0:)Ax| sc x| i Ml X:E«mlé\xf
Rerark : O AR & IIAIII;oI for all Z e R 7% | a1s) -WPIA?(’)
O W ARIS ML for ol RER, then HAUSN. ST
AT 1L RS 7T W v\urﬁH % fi 1A KOKUYD

'\\_50ol%oto.gnooooco‘gqqoow/qu



(a) l-fA LR, R). thea JAlI<w and A i3 unfform%con-rmwo
EPlﬂ Vf /R m'f° R |

werwic sppce (7
(b i A.BEL(R R”')Aa'nd 013 ) scnlar then liA+BILS (ALY IIBI .
ICLHAN = l1cAll. The Astonce betieen A ond 8 de‘f‘hed o4 [IA-BI.
() If A€ L (R, R™) ondl Be L(R™, R"), then IBANS BI{IAN.
pP:(0) Let fBi-, By} be the standard bass in ﬂ&" md T Citi.

Su?pose (% 11, Then ICils) 'fb“f i= -, n. A4
Then [A% =12 cAGIF3Ic 1AZiIS ZIAE [<w
— <up | A'M< Swp E%Ae“lmm -
= nAn<_§Me i<y —
Because M&-Aﬁl rjf\(’x r%.’lé;!f"/r'?ﬁ;‘i‘ for 2GR, NANSw.
AxLc> AIS Ui omﬂ_\nfm

(b) I(A1B) X | = MW+B70|<IAwl-HB?H<(HAH+IIBII)IM
By remerk@., -
- IIA—fBH HAII—HIBH'*I\A Cll= H(A B)+(B-C)II S Np- BltuB-cli
e Au= gup (AR =1cl sap AT | = lcil .

() [CBA)F | = IBIAZR)] = IBIVIAZ| < 1BV NAI |5 |
By remeck ©. ‘
—=> ||IBAII=(IBI 1A

“thesren Let 2 be the set of oll jnvertible fnear gperators on R,
(0) I1 AesL, BE L(R"), and IB-AN-NIA"I <, then Ben .
(b) SLis an gpen subset of L(R"), and the mappmg A - A™ Is continuous o .
p: (@) Put WA'N=Z , IB=Al=8 . Then @<or.

For ¥ *eR”, Al%)? oklA"A'xl <o<uA Il |Awl=lAwl<ch B)a‘%lﬂBml

Campus S BIA|+[B% )

AI P 3535959509990 90099098999590229



No

Lemm AeL(X,Y) ond Ax=0 0l when x=0, then A 15 |- l(mjezr.w,)

i ————

> (- blnl lewl (?ek )

Reconse %@ >0, then BFA+0H F#0

Hence B % one--one

By Thesem 98, BEN

Beanuse This holds fee alll B with IB-Al<, Then we have the fact

that SL s pen .

(b) Let % =873, then (x-8)187G| s IBB™YI= Iyl (YeR")

= 8"yl s (0= 1y) A2, gy s (-

Beoruse B'-A=B"(A-BA™ B8!UI-BAY | BX-A'
By Thearem 47(c), I8~ A™II B NA-BIIATN s ias
Then as IB-All=8>0, I1B™- A~ => 0. &34

.1 : —= T ‘ o oy 2 . et os
Detinition Suppose E B'an gpen set m R', o mops € orto R, ool K €.
l‘f there 3 n fineprtrnsfrematimfrof R mto R™ st
w lfj‘tr‘) -"flx) "AK, _O

‘;—vo o — Iwiear gpammr

Then ve sou Thet o i3 o‘fﬁmmble ot 70 am( we write 1(R)=A
FH 1is olfffmn—rmblz ot evay NEE we sa_q Thot fix d.ffmnr‘ablc in E -

)332233.:¢Q0000W00V

A (#+h T
7')80!‘&”\ I‘f Au A; g“rﬂ‘f H‘ ! )Ih.le A‘ ,'ﬁi&ﬂ A,‘;.,A"

A pt: Let A=AA.

Yh20. heR", [Ahl=[Ah-Ashl
£ Mtb‘*h) -t - Am Lfiath)~ @-A;A_u
AL i

P2 | l
= rh L_/ < ‘hl( lﬂx"h) ﬂ“"AJ\ + i[?\'fhz- 'l'm"‘A h))

Ihl (Wl
'M Ah i
v 8 TR = 0.~ idependert o 411) foreeiy he R".
For fixed h#O IJ\:% 29 > -%‘-\) 29 = Ah>Q > A-,o
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